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SECTION 1.1 Introduction

Principles and Practice of Mathematics

1. CHANGE

Changeisall around us. Wherever we look, things are changing. We seeit in such varied phenomena
as

. the path of a perfectly thrown passin football or the regal motion of the planets around the sun,

. the growth of a human being from infancy through old age or the growth of the entire human
population on Earth,

. the temperature change of a cold potato put into a hot oven or the globa warming patterns that
threaten our very existence,

. the growth of money deposited in abank account or the growth pattern of our balance of trade
deficit.

All of these changing phenomena can be investigated mathematically. Many of them can be
described very effectively by mathematics, and in such cases we can accurately predict what will
happen. For instance, the orbits of the planets are ellipses; knowing that precise mathematical
relationship allows scientists to cal culate the trgjectories of manmade satellites so that they reach the
desired target. Similarly, the path of the football is a parabola; the quarterback, like the rocket
scientist, wants his" satellite” to arrive at the correct spot at the precise instant that the receiver
passes through that point. Population growth patterns tend to be exponential in nature; if current
popul ation trends continue unchanged, the population of Mexico will surpass that of the United
States somewhere around the year 2051.

In the present chapter, we will develop some extraordinarily powerful, yet simple, mathematical
tools that will enable us to study change in awide variety of areas. To do so, we must consider some
basic ideas. First and foremost, the very fact that a quantity changes means that the quantity varies
with respect to some other quantity. That is, the quantity of interest to us, say position or temperature
or population, depends on some other quantity, say time. Consequently, the quantity of interest will
always be a function of time or some other independent variable. For example, if we roll abowling
ball with aforward velocity of 30 ft/sec, after t seconds the distance (d) is approximately expressed
asafunction of t by d = 30t. An example of afunction where the independent variableisnot timeis
the circumference of acircle (C), which isafunction of the radius (r) expressed by the formula

= dxr

Because the independent variable represents an actual quantity, in the real

DEFINITIONS 1} 0r|d, such as time, it naturally is limited in terms of the values we can
A IfU”C“O“ 'S8 lintelligently use. This set of the possible values of the independent variable s
ruie or

known as the domain of the function. Similarly, because the quantity of interest,
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procedure for
producing
output values
from input
values of the
independent
variable.

The set of the
possible values
of the
independent
variableis
known as the
domain of the
function.

The possible
vauesfor the
dependent
variable are
known as the
range of the
function.

the dependent variable, represents an actual quantity, it isalso limited in terms
jof the values it can assume. These possible values for the dependent variable are
known as the range of the function.

For instance, if we are considering the population of North America over time,
then the domain might be limited to the interval from -15,000 (that is, 15,000 B.
C., approximately when anthropologists believe the first settlers crossed the land
bridge between Siberiaand Alaska) to A.D. 2100 (it is extremely difficult to
lextrapolate very far into the future with any hope of accuracy). The range for
population values would then extend from a minimum of zero to a maximum of
potentially half abillion (approximately double the present population).
Alternatively, if we are interested in the population of the United States, then the
[domain islimited from 1776 to 2100, say, and the range would be from 2.75
million to about half a billion.

Let's consider how we might represent functions. In previous courses you were
probably led to believe that all functions are expressed as an explicit formula of
the formy = f(x). While thisis true of many situations, we often have to deal
with cases where no such formulais known. For example, in adaily lottery, the
winning number is afunction of the day-- in the sense that for each day, thereis
a definite winning number associated with it--but we have no formulafor the
lottery to help us get rich.

The study of population presents interesting issues in how we represent

functions. Typically, we begin with atable of values, which isaway of
presenting a function. For example, the population of the United Statesin

millions from 1780 to 1990 is presented in Table 1.

Table 1 TheU.S.Population
Year Population Year Population

(millions) (millions)
1780 2.78 1890 62.95
1790 3.93 1900 75.99
1800 5.31 1910 91.97
1810 7.24 1920 105.71
1820 9.64 1930 122.77
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1830
1840
1850
1860
1870
1880

12.87
17.07
23.19
31.44
39.82
50.16

1940
1950
1960
1970
1980
1990

131.67
150.70
179.32
203.30
226.55
248.71

Here the domain isthe 22 yearsthat end in 0: 1780, 1790,..., 1990.

These population numbers are all approximations. No census is completely accurate, and the number
for 1780 was not obtained from a systematic census anyhow (the first official U.S. census occurred

in 1790).

We might choose to represent such afunction via agraph, as shown in Figure 1, which risesfrom 0
to the population in 1990, about 250 million. Notice that although the graph is not as precise as the
table of values appearsto be, it quickly gives us a qualitative feel for the trends present in the change

we are observing.
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Figure 1 U.S. population.

Notice in Figure 1 that the graph is reasonably smooth, showing an upward trend. We will see that
we can capture the trend with the following formula (or function), which approximately predicts the

U.S. population, p(x), in year x:

plr) = (203, 211, 926)2-0316(«—1270]
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SECTION 1.1 Introduction

For example, for the year x = 1980, the formula predicts

p(1080) = (203,211,026)200216(1980-1370)
= 236,032,426,

which we can compare to the 226.55 million actually recorded.

We have seen that there are different ways to express afunction: as aformula, asagraph, and asa
table of observed data. All of these arise in the real world, and we must be able to interpret the
behavior of the quantity they represent in each instance.

Equation (1) can clearly have any value of time plugged into it, not just 1780, 1790, 1980, etc. This
gives us away to estimate the population for intermediate times, like 1982, 1943.78, and so on. If we
wish to do this, we are saying, in effect, that the domain of the function now consists of all the
infinitely many numerical values between 1780 and 1990, i.e., theinterval [1780, 1990]. We could
even go out on alimb and use the formulato try to predict the population of 2000, by declaring the
domain to be [1780, 2000]. If we were to draw the graph of the function with the interval [1780,
2000] asitsdomain, we get an unbroken curve like that of Figure 2 instead of a series of dots.

We have now seen a number of examples of functions and domains, so let's summarize the important
points.
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Figure 2 A continuous curve for the U.S. population.

One quantity y, often called the dependent variable, is said to be afunction of another quantity x,
often called the independent variable, if there is a certain domain of x-values where each x-value has
asingle, definite y-value associated with it. A set from which these associated y-values comeis
called the range. The domain and range can be finite or infinite sets. Not al functions can be
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SECTION 1.1 Introduction

represented by aformula, although most of the ones of interest to us will be. Tables and graphs are
other ways in which functions can be represented.

In particular, when we speak of the behavior of afunction or a quantity, there are several specific
aspects that are typically important to know, as shown in Table 2.

Table 2 Important Characteristics of a Function.
Whenisit increasing?
Whenisit decreasing?
What is its maximum value?
What is its minimum value?
When isthe rate of increase increasing?
When isthe rate of increase decreasing?
When isthe rate of decrease decreasing?
When isthe rate of decrease increasing?
Whenisit increasing or decreasing most rapidly?
What areitsroots? (When isits value equal to 0?)
Isit periodic? (Do the function values form a repeating pattern?)
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Principles and Practice of Mathematics

1. CHANGE

Difference Equation Models and Their Solutions

In this chapter we will learn about a particular kind of mathematical model called a difference
equation model. We will learn how to build such amodel, find what it means to solve such a model,
and see how solutions can be found. The solutions will be functions, represented as formulas, graphs,
tables, or sequences of numbers. Finally, we will learn how to analyze our solutionsto determine the
characteristics outlined in Table 2. Let's preview what isin store for us.
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1. CHANGE

Discrete and Continuous Change

In many cases, the behavior we are observing changes abruptly at instants of time
separated by periods when no change occurs (Figure 3). For example, the amount
owed on amortgage or car loan changes when interest is charged and a payment
Ismade. The value of a stock portfolio changes when adividend is declared or the
market value of a share changes at the end of aday. In other cases, the processis
taking place continuously. For example, if awarm sodais placed in the
refrigerator, the temperature of the soda changes continuoudly. Likewise, the
exact location in space of a planet, space capsule, or weather satellite changes
continuously with time. We will first learn how to model and analyze behavior
that is changing at discrete instants before modeling and analyzing continuous
change.
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Figure 3 Amount of aloan still outstanding at various times.

SPOTLIGHT

Population,
Misery, and
Vice: Is
Therea
Connection?
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1. CHANGE

Models of Discrete Change

A mathematical model is a mathematical construct used to capture or approximate the relationship
between variables being observed. From one point in time to the next, we might observe a population
level, the amount of money in abank account, or the number of people infected with a contagious
disease. For example, suppose you place $1000 in a bank account that pays 2% interest each month.
Assuming you do not add or remove any money and a,, represents the amount of money after n

months, the following sequence of numbers represents the value of the account:

fan} = {1000,1020,1040.40,1061.208,...},
n = 0,1,2,3,..,

where a5 represents the initial $1000 deposit. Since a,,,1 = a,, + 0.02a,,, the relationship between
successive numbers in the sequence can be captured by the following function (model or formula):

Gny1 = 1.0%a,,. (2)
Notice that the function in Eqg. (2) gives the bank arule, method, or procedure for calculating the
value of the account given the previous value but does not give a specific formulafor the value of the

account after n months. In the example at hand, Eq. (2) is our model. The model captures the change
being observed. We will see that the solution to our model is the function

an = (1.02)7(1000), (3)

which allows us to compute the value of the account at the end of month n. For example, after 20
months, we would have

g0 = [(1.02)%7(1000) = 1485.95,

or about $1486. Thus, Eq. (3) provides a solution to the model represented by Eq. (2). Alternatively,
we could have built atable of values or a graph to represent our solution function.
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Models of Discrete Change

DEFINITIONS |An equation like Eq. (2), which shows how any term of a sequence is computed

A difference from one or more previous terms, is called a difference equation. The first term

equationisan  |of the sequence, a,, iscalled theinitial condition.

equation which

ir?:’]\'gfhgw AV Ninthis chapter we will build various types of difference equation models and see
: that they lead to remarkably different solution functions. Some solution

%quencezlf functions will predict no change, others will predict change that increases or

g?\g‘gftmorgom |[decreases in alinear fashion, and still others will predict change that occurs

nonlinearly, perhaps following a polynomial or exponential pattern. Some
solution functions will exhibit periodicity, represented perhaps by a

o trigonometric function. Finally, in Section 1.7 we will see that certain types of
Theinitial nonlinear models lead to solutions that have no pattern whatsoever--completely
condition isthe  |qetving our ability to make predictions! We call such behavior chaotic. We will
first term of the oo that behaviors modeled by these nonlinear functions are quite sensitive to
2=blanes initial conditions and that the outcomes of the model plotted against theinitial

previous terms.

conditions often exhibit interesting patterns, which we call fractal patterns.

In the process of building and analyzing models, you will learn some simplifying assumptions of
classical "laws' of nature underlying biology, ecology, economics, engineering, mechanics, physics,
and other areas of human interest. Y ou will learn to look for patterns and conjecture or hypothesize
functions that capture the observed patterns. Y ou will learn to fit functions you have selected to the
observed data. You will also learn to conjecture or hypothesize solution functions based on the
patterns you have observed. Finally, you will see how formal proofs allow usto characterize entire
classes of models regardless of the particular application under study-- demonstrating the immense
power of mathematics to help understand and predict the world in which we live. Your ability to
understand and predict change will increase dramatically--exponentially, we hope. So let's get
started!
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1.2 Sequences and Differences | | | |

The concept of a sequence is central to much of our study of the mathematics of change. Informally,
asequenceis any ordered set (finite or infinite) of real numbers. That is, thereis afirst number a;, a

second number a,, athird number as, and so forth. Sometimes we start the subscripts at 0O--then the
initial term is denoted a5. These numbers are called the terms or elements of the sequence. For

example, when we use Section 1.1's table of values on the growth of the U.S. population, we have a
sequence of values for the population.

We denote the nth term of a sequence by a,,, where the subscript n gives order to the sequence by its

place in the ordered set of positive integers. Therefore, an entire infinite sequence can be denoted by
A=Tdag,02 0y tdu b

As examples of sequences, we have

A = I2,4,6,8,10,..},
= {2,4,8 16,32,...},

1 4 3 4

tryeE et

In each of these examples, it is possible to determine the patterns from which we can supply meaning
to the infinite number of terms represented by the dots (...). In particular, thisis done by obtaining a
formulafor the general term, or nth term, for each sequence. As a useful shorthand notation for the
times when we know aformulafor the general term, we express the sequence A in terms of the
general term, A={ a,}. Thus, for each value of n=1, 2, 3,..., we have the following formulas for

general terms of the sequences given above:

A = Afdn}={In},
B = {ba}={1"}

c = {‘:”}:{mﬂTu}'

Hereisamore formal definition of sequence:
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SECTION 1.2 Sequences and Differences

In other words, for each positive integer (from the domain) n=1, 2, 3,..., there

BEE e corresponds areal number (in the range) a,, as the nth term in the sequence. That

A sequenceis IS, a, isafunction of n. Thisisillustrated by the general terms found for the

afunction previous examples. For instance, in sequence A, thefirst termis

whose i1 = 2(1) = 2, thesecondtermis ¢, = 2(2) = 4, thetenthtermis
domainisthe |riq = 2(10) = 20, and soforth.

set of all
positive
integers (or
sometimes,
for
convenience,
al
nonnegative
integers) and
whose range
isin the set of
al red
numbers.

Example 1 Graph of a Sequence

If asequence is defined by the general term ., = 3n — 5§, thenthefirst six terms of the
sequenceare { —32, 1,4, 7, 10, 13} Of course, there is an infinite number of terms
following these six terms. Moreover, the terms of a sequence can be graphed by plotting
points formed by the pair of values (n, a,,). Therefore, these six terms can be used to form the

following six points: (1, -2), (2, 1), (3, 4), (4, 7), (5, 10), and (6, 13). Then these points can be
plotted on coordinate axes, n and a,,, asshown in Figure 1. 4
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Figure 1  Graphof thesequence {3n — 5}forn=1,2,.,6.

The graph in Figure 1 enables us to visualize how the function changes over the interval of values
that are plotted. This visualization isimportant in analyzing trends and understanding the properties
of the sequence. Economists and financial planners often use graphs of sequences, like the prices of
stocks and bonds over time, to predict future trends by visualization of past performance data.

1.2 Sequences and Differences | | | |
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1.2 Sequences and Differences | | | |

Finding the General Term

Aswe saw earlier, it is often important that we be able to determine the pattern or formulafor the
genera term of a sequence. Knowing the formula helps us to understand how the sequence changes
and the trends in its behavior, such as maximum and minimum values and location of intervals where
the sequence increases or decreases. We will examine sequence A above to analyze one approach

that can be used to find such patterns. In this example we will assume that the term following as = 10

should be 12, since each element is 2 more than the preceding one. Alternatively, we can express this
fact by noting that

da — 01 = 4—222,
g — O3 - 6—‘1'22,
g — g — B—EZE,

and so on. Thus, if the general termis a,,, then the difference between it and the following term, a,,, 4,
Isgiven by

L R E: I:]':I

for any value of n. Thus, the difference between any two successive terms of this sequence will equal
2.

In formulating Eq. (1) and asserting that it continues to hold for all positive integer values of n, we
are going out on alimb. To illustrate this, let's take a simple example where we have just three terms
of that sequence known to us, 2, 4, 6, and we want to predict the fourth term. These three terms are
fit not only by the equation a1 - a, = 2, but aso by

ﬂn+1:ﬂ'i—5ﬂn+1ﬂ IIE]

(try substituting n = 1, 2, 3 to verify these patterns). Using Eq. (1), we predict the next termisa, = 8,
but using Eq. (2), we get a, = 16. There is no ssmple answer to what the correct equation is. Either
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Finding the General Term

could be correct, or even adifferent pattern or equation may be correct. Mathematicians usually
leave finding the right pattern to the scientists observing the behavior. The job of mathematiciansis
mostly to draw conclusions about the equations that fit the patterns determined by the scientists.

Example 2 Special Sequence

Consider the sequence {1, 3, 6, 10, 15, 21,...}. If we look at the difference between successive
terms, we find that

da — 4 = E,ﬂg—ﬂgza,ﬂ-}—ﬂg:‘l‘,

dg — 4 - E,HE—ﬂgzﬁ,

and so the pattern, Gng1—0n =1+ 1 seems like a good guess. The next term, a;, will
be7 morethana, sothat . — ;4 7 = ag further, ;. — ;- 4 8 = 35 andsoon. o,
in general,

Upt1 = dntn+ 1,

Therefore, for this pattern, each term a,, represents the sum of the first n positive integers. It
turns out that it is possible to express the general term of this sequence with the formula

1
O = ?.r:!.(n + 11.

Later in this chapter we will show how to obtain Eq. (3). &

1.2 Sequences and Differences | E | | 2

http://www.webpearl s.com/products/demos/pap/comap/chapter 1/sec2/node2.html (2 of 2)3/14/2007 3:15:09 PM



Differences of Sequences

Principles and Practice of Mathematics

1. CHANGE

1.2 Sequences and Differences | | | |

Differences of Sequences

The approach of using differences of terms does not help for all problems

involving sequences. However, for many sequences, the use of differencescanbe ~ SPOTLIGHT
very profitable and, moreover, the differences themselves prove extremely

valuable in many other contexts. In order to study differencesin detail, it is Global
convenient to introduce a special symbol to denote the difference between two Warming: Is

successive terms of a sequence.

It
Happening?

DEFINITION

The difference operator , (called
delta) is defined, for any sequence

A={aq,aq ...}, asfollows:

Hoay = ag— ay, Hag = ay — ag,
Dy = g — da,
and, in generdl,
ﬂ"-':fn — Hm41 — Ty
for any value of n. Therefore, applying
this operator + formsanew

sequence /4, Afrom the origina
sequence A.

This difference operator represents
the main topic of study in this chapter: the change in the
sequence.

A useful application of the difference operator , arises
when we apply it to a sequence of terms arising from a
flinear function.

Example 3 Sequence of Differences

Suppose we have the sequence {a ., } = {3n — 5} and consider the sequence for values of

n=1,2,3,.. (Table3).
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Differences of Sequences

Table 1 A Tableof Sequence ,, = 3n — &
n an A n

-2
1
4
.

10

13

16

19

0O N O O A WODN P
W W wwwwwow

We organize these values along with the corresponding sequence of values for the function as
atable and consider the difference of successive terms. Notice that the first six termsin the
sequence are the same as those in Example 1 and the differences 4, a, areall constant. In

particular, their constant value, 3, is precisely equal to the slope of the graph of the original
linear function ¢,, = 3n — Hasshown inthe graph of the function in Figure 2. &

A7)

Skope of 4
P

Figure 2 Graphof {3n — 51, showing the constant slope of 3.
Thisis not an accident, as Theorem 1 shows.

Theorem 1. If cand b are constantsand ;,, = #n + § Wherethisholdsforn=1, 2, 3,..., then
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1. the differences of the sequence {a,, } are constant for al n, and
2. when we plot a, against n, the points fall on astraight line.

Proof of Theorem 1.
1 fMay = tpp1 —apn = [eln +1) 4+ 8] — [en 4+ §] = ¢, aconstant independent of n.

2. Successive pointsonthelineare (n, a,) and (5 + 1 , O ,)- The slope m of the segment

connecting these pointsis obtained in the usual way as the difference in y-coordinates (rise) divided
by the difference in x-coordinates (run). Therefore, the slope, m, is

|:'jn-|-:l - ':fn]
(n4+1—m)
= [eln + 1) + 8] — [en + 8]

= |:!

a constant, which doesn't depend on n.
F

Since much of our interest in this chapter isto obtain formulas for a sequence, we are also quite
interested to know if the converse of Theorem 1 holds. If we know that the differences of the
sequence { a, } are constant for all n, can we conclude that there are constants ¢ and b so that
a., = cn + fhforal n? Theanswer isyes, aswe seein Theorem 2.

Theorem 2. If ., = ¢, Wherecisaconstant independent of n, then thereis alinear function for
a, (i.e., there exists a constant b so that dn = en + i)

F

To see how to prove this theorem, try taking a specific sequence with a constant difference, for
example 4, 7, 10, 13,..., and try working out aformulafor a,,. If you can do that, you have the main

idea. In any case, we will see aproof of thistheorem in alater section.

To see how to apply the previous theorem, suppose we had started with the valuesin Table 3 or its
graph but did not know the function from which the data came. We could reconstruct this function in
the following manner. The fact that the differences are all 3 shows that we want aformula of the
form Gy = 3n + § 10 find b, use the fact that if we substitute 1 for n, we should get -2, since a; = -
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Differences of Sequences

2. Thus,

—2 = 3[1)+ b, so b = -5,
Therefore, our function is

Oy, = am —h.
Example 4 Car Trip

Suppose that while your family is on acar trip, you record the mileage readings from the
odometer every hour. Let

A= lan}t =1{22,322; 22, 352; 22, 401; 22, 456; 22, 479; 22, 511}

be the first six terms of the sequence of these odometer readings. The graph of these datais
shown in Figure 4. In this case, the a; term actually represents the initial odometer reading.

With this notation, a, is the odometer reading after the first hour of the trip. Then, using the

formulafor the difference operator, /4 4 = { Avay, } = {30,489, 55, 23, 32} Notice that
for six values of a,, only five values of », &, can be computed. For this sequence, the 4 a,

terms represent the distance your family traveled during the nth hour of the trip. These values
of s a,could also represent the average speed or average velocity during every hour of the

trip. Using this technique, the average speed or average velocities of an object can be
determined directly from the distance data. &

an

22 500 .

22 400 4 .

20 200

Figure 4 Odometer datafor the car trip.

http://www.webpearl s.com/products/demos/pap/comap/chapter 1/sec2/node3.html (4 of 5)3/14/2007 3:15:13 PM



Differences of Sequences

Example 5 Special Sequence Revisited

We consider the sequence for the sum of the first nintegers presented in Example 2, A= [1,
3,6, 10, 15, 21,...1. If we apply the difference operator to the elements of this sequence, we
obtain the new sequence of differences

Ad = 12,3,4,5,6,..}.

Since thisitself isjust a sequence of numbers, we can apply the difference operator to this
new sequence. Thus, for the first term,

MlAag) = Aoy — Haglsince HAag s the
term after Moy, 1n the sequence A A)
= i-2=1.
Further,
ﬂ[ﬂ.ﬂg) = ﬂ.ﬂg—ﬂ.ﬂg :‘1'—3:1,

and so forth. The above notation is cumbersome and can be expressed more efficiently by
writing

Aldan] = Alan
This sequenceis called the second difference. Therefore, in this example, we find that
Mgy = Afay = Afaa= .. =1,

or equivalently,

=,
o
I

11,1,1,..}. &

1.2 Sequences and Differences | | | |
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Behavior of Sequences

What does it mean for all the second differences to be constant, asin Example 57 In

particular, it might indicate something about the function from which the data values
originally came. Let's consider the interpretation of the first and second differences.
Thefirst difference tells us the difference in successive values for a sequence. When
thefirst differenceislarge, the sequence is growing rapidly. When the first
difference is small but positive, the sequence is growing more slowly. When the first D= g=8e=s
difference is negative, the sequence is decreasing. When the first differenceis
constant, the sequence is changing at a constant rate. In total, the first difference measures "change"
of the sequence.

Now suppose that the second difference is a positive constant, asin Example 5, and the first
difference is positive. Thistells us that the rate of growth is growing; that is, the sequence is growing
ever faster. Consequently, we see that the original sequence cannot be defined by alinear function,
because linear functions grow at a constant rate and have a second difference equal to 0. (Verify this
for the sequence in Example 1.) Thus, when the second differences are positive, the sequence hasto
grow faster than alinear function. While there are many possible candidates for such a function, the
two most prominent are exponential functions and polynomials. Let's consider an example of each to
see how the second difference behaves,

Example 6 Table of Differences -- Exponential Function
Construct atable of differences for the exponential function
{a,} = 37,
forn=1,2,..., 7.

We have produced thisin Table 4. Notice that seven terms of &, produce six terms of », a,
and fiveterms of  2a,. From this we see that, for this exponential function, neither the first

nor the second differences are constant. By the way, you will notice that each number of the
third column is two times the number in the second column. Likewise, the fourth columnis
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Behavior of Sequences

twice the third. Thisisno accident, and it can be readily proved. See Exercise 12 for ahint. In
any case, the second differences are not constant. &

Table 2 A Table of Differences, Exponential Function.

n ay A, 8n A%an
1 3 6 12
2 9 18 36
3 27 54 108
4 81 162 324
5 243 486 972
6 729 1458

7 2187

Example 7 Table of Differences -- Quadratic Function
Construct atable of differences for the quadratic polynomial sequence
fant = {n*—3n + 5]},
forn=1, 2,..., 6.

We have produced thisin Table 5. Notice that for this quadratic polynomial, the second
differences are all constant while the first differences follow alinear pattern. &

Table 3 A Table of Differences, Quadration.

n an A 8n A28
1 3 0 2
2 3 2 2
3 5 4 2
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4 9 6 2
5 15 8
6 23

Theresult in Example 7 illustrates the general case, so we summarize the result in the following
theorem.

Theorem 3. If asequence { a,, } is defined by a quadratic polynomial, then the sequence has the
property that the second differences are constant, /2y, = .

Once again, the converse of thistheorem is aso true:

Theorem 4. If asequence of values {a,, + = {1, ag, ...} hastheproperty that A2y, = ¢ @
constant, for all values of n, then the data values follow a quadratic pattern and the formula for the
genera term is aquadratic polynomial.

Try proving Theorem 3 in the same style used to prove the first part of Theorem 1. We'll see a proof
of Theorem 4 in alater section.

Example 8 Special Sequence, Revisited Again

We again consider the sequence from Examples 2 and 5 in which
A=1{1,3,46,10,15,21, ...}, sothat

AAd = {2,3,4,5,6,...]
and
AfA = {1,1,1,1,..0.

Therefore, from Theorem 4, we conclude that sequence A has a general term in the form of a
guadratic polynomial. &

Example 9 Special Sequence, Revisited Once More

Find the equation for the quadratic function that assumes the values {1, 3, 6, 10, 15, 21,...} at
n=1,2,3,4,5, 6,.... Since we know that the terms of the sequence satisfy some quadratic
equation, we can assume that it isin the general form g(n) = An2 + Bn + C, where A, B, and C
are three unknown coefficients that we must determine. To find them, we require three
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conditions, and we can choose any three of the given values to use for these conditions.
Substituting n = 1, 2, and 3 should give the first three terms of the sequence, so

A+ B +C = 1,
AP+ B +C = 3,
A+ BN +C = 6,

or equivalently, these three equations can be written as

A+B+C = 1,
44 +2B+C = 3,
144+ 3B+C = 6.

This system of three simultaneous equations can be solved in several ways. One way isto
subtract the first equation from both the second and third equations to get two equationsin the
two remaining unknowns A and B. Then the two equations can be solved by asimilar
technigue. You will learn several new technigues to solve systems of simultaneous equations
in alater chapter. In this case, you can easily verify that A= 1/2, B=1/2, and C = 0 solve al
three equations. As aresult, the desired quadratic polynomial is

1 1
¢n) = An*4+ Bn+ o= Eﬂj + 7
or equivaently,

1
((n) = Fln)ln +1),

This agrees with the known result given by Eq. (3) in Example 2. Remember from Example 2
that the nth term of this sequence represents the sum of the first n positive integers. For
example,

1
dg = 1+E—|—3—|—‘}=10=§(4](5].

So with this formula, we can quickly determine the sum of the first 100 positive integers as

1
di00 — E“.DU]“.D].] = h0h0, &
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1.2 Sequences and Differences | | | |
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Formula for the Second Difference

In general, the second difference, »2a,, can also be expressed in terms of asimple formula. Starting
with s a, = a1 - a,, for any n, we have

Mg, = Hldpr1 — ag)
(ﬂn+3 — 'jn+1:| - (ﬂn+1 — 'jn]
= dntz — Ldnt1 T dn.
Y ou will seethisformulaagain later in this chapter when we model the acceleration of afalling
object. Since the first differences represent average velocities, as shown in Example 4, the second

differences of a sequence of distance traveled at uniform time interval s represent average
acceleration. In general, second differences measure the "change of the change" of a sequence.

Finally, we apply the difference operator to a sequence with a known general term a,,. With this
technique, the formulafor the general term is used to determine »2a,, directly, without having to
operate on specific termsin the sequence and then finding the formulafor the general term of  »2a,,.

Example 10 Differences in Symbolic Form

Consider the sequence A = {1, 4,9, 16, 25,...}, in which the general termisa,, = n2.
Therefore,

DNdy = Opp1 — 0n
= [(n+1)* —n?
(n*4+2n +1) —n?
= in +1.

Hence, #A= {2n+1}= 13,5,7,9, 11,..}. Similarly,
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Formula for the Second Difference

&j'jn — Twta — 2':fn-|-:l + 0w
= [(n4+2)*=2n+11*+n?
= i

Therefore, /2A = 2. Thisisaconstant, as was expected for a sequence described by a
quadratic general term like n2. &

1.2 Sequences and Differences | | | [
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The use of the difference operator , to construct tables enables us to develop methods to analyze
the change or trends of sequences and determine properties of the graphs of sequences. We will
establish procedures to find where the graphs of sequences increase, decrease, reach relative maxima
and minima, are concave up and concave down, and possess inflection points. While most of these
words may be familiar to you, we need to give more precise mathematical definitions to each of
these concepts as they relate to a general sequence g ,,, the related sequences /¢, and /,24,., and
the difference table for g,,.

Before we construct the formal definitions, let's look at a graph of a sequence in order to visualize
these properties. Increasing, decreasing, maximum, and minimum are familiar concepts, and these
properties could be determined easily from the graph of the sequence shown in Figure 1. A place
where agraph is"bent upward" is called concave up in this region. Similarly, a place where a graph
is"bent downward" is called concave down. An inflection point is a point where a graph changes
concavity. The graph in Figure 1 is labeled to show its concavity and location of inflection points.

B

L 5

] [ ]
_ - -
— ]
» Concave up . ConcEe d-::-'-'n.'n.
| /‘\ . Inflection point
[ ]
] ]
L] ™ [ ] ]

NI

Figure 1  Graph of sequence showing properties of concavity and inflection points.

Now we define these terms:
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SECTION 1.3 Properties and Applications of Difference Tables

DEFINITIONS

Sequence 4 = {a,,}isincreasing at the kth term if @z < @4 1 (Or, in operator notation,

Hap = 0).

Sequence A is decreasing at the kthterm if ag = ag41(0r Mgy < 0).

Sequence A reaches arelative maximum at index Kif ag == agipiand ag = ag_q (Or, in operator
notation, Map_q1 = Dand Agg < ).

Sequence A reaches arelative minimum at index k if az < Ogq1and ag < agp_q(0r

HMog_q < 0and Agg 2= 0).

Sequence Aisconcave up at Kif M ap = Mag_ 4 (Or, using the second difference operator
notation, M %gz_4 = 0

Sequence Aiis concave down at Kif Mgp <0 Mag_1(OF A2gg_q < 1)

Notice that it is the second difference at k-1 that determines the concavity at k. Another perspective
on the determination of concavity isthat the sequence is concave up when the first differences are
increasing and concave down when the first differences are decreasing.

DEFINITION

Sequence A has an inflection point at kif 42, hasadifferent signthan /24, .

1.3 Properties and Applications of Difference Tables | « | -
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Difference Table

The difference operator can be used to build a table of valuesto help analyze sequences and
determine their properties. Given a sequence A and a set of values of the index n for that sequence, a
difference table includes columns of valuesfor n, g,,, M a,, and 22y, (@nd higher differences, as
needed).

Example 1 Properties of fn? —4n + 3}

Construct a difference table for the first seven sequence vauesof , = n? — 4n 4 3 and
use the table to determine where the sequence increases, decreases, reaches arelative
maximum and minimum, is concave up and concave down, and has an inflection point.

The difference table is built by directly entering the column for n and using the genera
formula 42 — 4y 4 3 to determine and enter the column for 4,.. Then the differences are
taken between theterms of ,, and 2 g,., respectively, to fill in the columnsfor . and
M4, The seven terms of the sequence produce six termsfor /¢, and five terms for
Mg, (Table ).

Table 1

n 0 s AN S,
1 0 -1 2
2 -1 1 2
3 0 3 2
4 3 5 2
5 8 7 2
6 15 9

7 24
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We use the values from Table 1 to determine the properties of the sequence. The sequence
decreases for n=1, since /¢4 = (. The sequenceincreasesfor n=2, 3, 4, 5, and 6, since
Mg, == () for these values of n. A relative minimum isreached at ¢ 5, SINCe /¢4 < [ and
Mae o (. Thereisno relative maximum for these seven terms. The sequence is concave up
for all of its possible values (n= 2, 3, 4,5, and 6) since /A, 4q,. = 0.

These properties can be verified by looking on the graph for ,, givenin Figure 2. &

24 | .

12 L

-
-
N

L

Figure 2 Graph of sequence {n* — 4n + 3}

Example 2 Rainfall Data

Table 2 presents data that were recorded for the monthly rainfall for acity in 1993.

Table 2 Monthly Rainfall Data.
Number of  Rainfal in
Month month (n) inches (r,.)
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January 1 2.46
February 2 1.93
March 3 2.92
April 4 4,79
May 5 1.28
June 6 2.56
July 7 2.60
August 8 2.37
September 9 2.77
October 10 2.91
November 11 1.13
December 12 1.13

Just by looking at the data, it is difficult to determine the trends of the sequence. The graph of
this datais shown in Figure 3 in order to visualize the obvious properties and patterns.

n

5 -
4
[ ]
E_
[ ]
.-I —
™ L
T T T T T T >
2 12

Figure 3 Graph of rainfall data from Example 2.

Next, the difference table (Table 3) is produced with extra columns to indicate where the
sequence isincreasing or decreasing (based on the sign of /.r..) and its concavity (based on
thesign of 2y, ). Recdl that geometricaly .y, represents the slope of the straight line
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|  betweenthepoints(n, »,) and (n+ 1, r, 1) onthegraph of r,,.

Table 3 Monthly Rainfall Data.
n r, A, Change M2, Concavity

1246  -0.53 Decreasing 1.52

2193 0.99 Increasing 0.88 Up
3292 1.87 Increasing -5.38 Up
4479  -3.51 Decreasing 4.79 Down
5128 -1.28 Increasing -1.24 Up
6 2.56 0.04 Increasing -0.27 Down
7260  -0.23 Decreasing 0.63 Down
8237 0.40 Increasing -0.26 Up
9277 0.14 Increasing -1.92 Down
10291  -1.78 Decreasing 1.78 Down
111.13 0.00 Neither Up
12 1.13

In Table 3, the "change" entry for n =11 is"neither", because neither of the definitions for
increasing and decreasing is satisfied when /.. iSO.

The relative maxima and minima are determined by locations of changes in the growth trends.
The relative minimaoccur at n = 2, 5, and 8 because the sequence changes from decreasing to
increasing at these indices. The relative maximaoccur at n =4, 7, and 10 because of the
change from increasing to decreasing. Theinflection pointsoccur atn=3, 4, 5, 7, 8, and 10
because of the change of the sign of », 2y, at theseindices. a

1.3 Properties and Applications of Difference Tables | - | b
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Higher-Order Differences

The application of the difference operator need not end at the second difference.
Differences of the second differences s, 24 ,. can be calculated to find the third ACTIVITY

differences /,®y,,, and so on. These higher-order differences are useful in

determining if the sequence is defined by a polynomial and the degree of the Properties
polynomial. Remember from Section 1.2 that the second differences of alinear of
function were 0. Theorem 5 in Section 1.2, states that the second differences of a Difference
guadratic polynomial are constant. Tables

Since constant second differences produce zeros for the third differences, a quadratic produces zero
entriesinthe A, 2y, column of adifference table. Similarly, a sequence defined by an nth-degree
polynomial has zero entriesinthe #,m+1,  column of its difference table. The converse of this
principleis also true: If asequence has zero entriesinthe »,%+1; . column of its difference table,
then there is an nth- degree polynomial that generates the sequence.

Example 3 Higher-Degree Polynomial

Determine the degree of the polynomial that defines the general term for the following terms
of asequence: é,, = {—2.9, —8.4, —12.9, —10.4, 7.5,51.6,135.1, 273.6}. We
build the difference table (Table 4) and continue to add columns of higher-order differences
until an entire column becomes zero.

From this difference table, we see that the fifth differences are all zero. Therefore, we know
that the general term of . isafourth-degree polynomial. We could use any five data points
in this sequence to determine the five coefficients for the fourth-degree polynomial in the
general formulafor the sequence. To do this, follow the method of Example 9 in Section 1.2 -
the system of equationsis merely larger here. Of course, the formulawe find is only valid for
the known terms of the sequence. If there are other terms that we don't know, we have no way
of knowing whether the formulafits them. Furthermore, the formula could be one of many.
Suppose that the fourth- degree polynomial that fitsthe §,. is p(n). Other functions can be
constructed to fit the f,.. For example, if wetake q(n) = p(n) + K(n-1) (n-2)(n-3) ... (n- 8)
for any constant K, then q(n) produces a sequence that also fitsthe §,. forn=1, 2,..., 8.
Noticethat forn=1, 2,..., 8, q(n) = p(n). &
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Higher-Order Differences

Table 4 Difference Tablefor Example 3.
n by bn G IR S R o

1 -29 -55 1.0 6.0 2.4 0
2 -84 -45 7.0 8.4 2.4 0
3 -129 25 154 108 2.4 0
4 -104 179 262 132 2.4

S 75 441 394 156

6 516 835 550

7 1351 1385

8 273.6

1.3 Properties and Applications of Difference Tables | « | B
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Limit Values

Sometimes we want to determine the long-term trends or behavior of a sequence.
In other words, what happens to a,, as n becomes large? Some of the possibilities =~ SPOTLIGHT

are asfollows: a, approaches (or gets very near) a constant value; a,, keeps
Canny

i ith ; ith ; ill
growing without any bound; a,, decreases without bound; or a,, oscillates and Sl

never approaches any one value.

It may happen that for very large values of n, &, is close to some number that we will designate asL.
If increasing n causes a,, to get even closer to L or to equal L, wecall L the limit value of a,, and write

im a, = L.
= 00

If a, hasalimit value, then we also say that a,, convergesto L. To make this concept more precise,
we will describe this circumstance in mathematical terms:

S— If a, co.nve.rges to L, then we say a, becomes arbitrarily closetoL as ,, _, ., &
shown in Figure 4.

A sequence

a, converges |In the definition we make use of the absolute value function [x| . Recall that this

to alimit function strips a number of its negative sign if it has one and leaves nonnegative

valueL if, Inumbers unaltered:

whenever we

p|Ckany |—3|:3 and |3|:3

arbitrary

number A handy way to express distance between two values a and b on the number line

(epsilon) lis|a-b| or |b - a| . For example, if we want the distance from 3to 4: [4- 3| =|3- 4]

greater than = 1. This also works when one or more of the valuesis negative. The distance

0, thereisan |from-5to-7is|-5-(-7)|=|-5+ 7| = 2. Thedistancefrom-5to 7is|-5- 7 | = [-12]

Nsothat we  |=12. Returning to our definition of limit, |a,, — L]issimply asymbolic way of

can make the Ireferring to the distance from a,, to L on the number line.
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Limit Values

difference
o — L
smaller than
¢ by choosing
n>N.

Example 4 Limit of 1/n

If an=1fn then we see that as n grows larger, a,, becomes smaller yet stays positive. We
see that a,, becomes closer and closer to zero as n increases, but it will never reach zero. No

matter how small anumber . isgiven, thereisavalue N so that 1/N < ( and, therefore,
1fn < ¢foraln>N. Wewrite

1
m (=) = 0. a
n—oo N
an
3
"
= L
L+e s Situation
|_L s T s e Eet Sy ¢ continues
TE ¥ + forenst

Figure 4 The geometry of convergence of a, to thelimit value L. A similar picture can be produced
for any .

A sequence can reach itslimit value, but it does not have to, asillustrated in Example 4. A redl-life
example where the limit is reached involves aball being dropped and then bouncing up and down until it
stops. If we take the height at timest =1, 2, 3,..., eventually the heights will always be 0.

Example 5 Limit of , 2

If i, = n? thenweseethat asn growslarger, §,, continuesto grow larger, never getting
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arbitrarily close to any number. Since 4 .. grows without bound, we say that §.. divergesto
on. We write

lim (n*] = co.a
Hi— 00

Example 6 Limitof [—1]™

If ¢,, = [—1]™ then we seethat as n grows larger, ¢,, oscillates between 1 and -1. When n
isan eveninteger, ¢,, = 1; whennisodd, ¢,, = —1. Inthiscasewesay ¢,, nonconverges
since it has no limit value and does not divergeto + - OF — . &

1.3 Properties and Applications of Difference Tables | > | .
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In this section we will build difference equation models to describe change in behavior that we
observe. In subsequent sections, we will solve these difference equations and analyze how good our
resulting mathematical explanations and predictions are. The solution techniques that we employ in
subsequent sections take advantage of certain characteristics that the various models enjoy.
Consequently, after building the models, we will classify the models based on mathematical
structures and the solution techniques that apply.

When we observe change, we are often interested in understanding why change occurs the way it
does; perhaps to analyze the effects of different conditions or perhaps to predict what will happen in
the future. Often a mathematical model can help us better understand a behavior while allowing us to
experiment mathematically with different conditions affecting the behavior. For our purposes we will
consider a mathematical model to be a mathematical construct designed to study a particular real-
world system or behavior. The model allows us to use mathematical operationsto reach
mathematical conclusions about the model, asillustrated in Figure 1.

Reakwiorkd Systems Mathematical Werkd
i plificaticn
\ odels
Chsarvad behawior fathematical cparations

\ iathematical conclusions
nterpretatk:-/

Figure 1 A difference equation modeling diagram.

1.4 Modeling Change with Difference Equations | > | .
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Exact Models of Discrete Change

Some behavior can be described exactly with mathematical models. For example, suppose we
deposit $10,000 in abank that pays 7% interest compounded annually. If n isthe number of years
and a,, the amount of money in the bank after n years, the difference equation

&'jn = ﬂﬂ.'.j_ - ﬂn = U-DT':I.”
models the change each period. The solution of the model,
ae = [(1.07)%10, 000,

which we will derive later, explicitly represents the amount of money accrued in the account after k
years.

1.4 Modeling Change with Difference Equations | - | b
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Discrete Versus Continuous Change

For the purposes of constructing models, an important distinction regarding change is that some
change takes place at discrete time instants, such as the depositing of interest in an account. In other
cases the change is taking place continuously, such as the change in temperature of a cold can of
soda on awarm day. Difference equations represent change at discrete time instants. We will see the
relationship between discrete change and continuous change (for which calculus was devel oped) at
the end of the chapter. However, we often approximate continuous change with difference equations
by collecting data at discrete pointsin time. We will illustrate thisin this section with models of
falling objects and the warming of a cold soda.

1.4 Modeling Change with Difference Equations | > | .
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Approximating Change

Few models are exact representations of the real world. More generally, mathematical models
approximate real-world behavior. That is, some simplification is required in order to represent areal-
world behavior with a mathematical construct. For example, suppose you wanted to represent the
spotted owl population in a habitat for the purpose of predicting the effect of changesin
environmental policy.

The spotted owl population depends on many variables, including the following:
Variables Affecting Spotted Owl Growth

. birthrate,

. deathrate,

. availability of resources,
. competition for resources,
. predators,

. hatural disasters,

and many other factors. Obviously, we cannot hope to capture precisely every detail. We will
eventually build models considering each of the variables boxed above, but first let's construct a
simple model. To learn model construction, it is useful to consider the following steps:

Constructing Difference Equation M odels

STEP 1. Identify the problem.

STEP 2. Make assumptions on which variables to include and the relationships among the variables.
STEP 3: Find the function or functions that satisfy the model.

STEP 4. Verify the model.

In this section we will concentrate on the first two steps only. In subsequent sections we will solve
the models that we formulate in this section and verify them against observed data. For example, to
predict the owl population, we may initially want to consider only the birth and death rates and
neglect the effect of other variables. Now what relationships do we consider among the variables? A
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powerful simplifying relationship isthat of proportionality. Let's define and illustrate the concept
before modeling the owl population.

Note from the definition that the graph of p versus g must be a straight line
DEEINITON through the origin. This geometric understanding or visualization allows us to
_ collect and plot datain order to test the reasonableness of the proportionality
Twovarying  fassymption and to estimate k. Let's consider an example.

quantities p
and g aresad
to be
proportional
(toone
another) if
one varying
guantity is
awaysa
constant
multiple of
the other, that
is

p = ky,

for some
constant k.

Example 1 Driver Reaction Distance

During a panic stop, the driver of a car must react to the emergency, apply the brakes, and
bring the car to astop. Let's call the distance traveled before the brakes are applied the
reaction distance and the remaining distance the braking distance. In the exercise set, you
will consider mathematical models for the braking distance. Here we consider a model for the
reaction distance. The U.S. Bureau of Public Roads collected data for reaction and braking
distances. In Figure 2, the data for reaction distance are presented. We plot the reaction
distance versus speed and observe the graph.
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Figure 2 Driver reaction distance.

Since the graph approximates a straight line passing through the origin when projected, we
can use a proportionality model. To estimate r, the constant of proportionality, we "eyebal" a
straight line through the data and estimate the slope of the line, which is the constant of
proportionality. (You will learn more sophisticated techniques for finding a "best" straight
line later in your careers, but for the purposes at hand, the "eyeball" method is sufficient.)
Using thefirst and last points, the slope appears to be about 66/60 = 1.1, giving the model

dr = 1l.1lv,

where d, is the reaction distance in feet and v is the velocity in mph. 4

Example 2 Growth of a Yeast Culture

Consider the data collected from an experiment (Figure 3) measuring the growth of ayeast
culture. The associated graph tests the assumption that the change in population is
proportional to the current size of the population. That is,

Hpp = [Pn+1_15'n:|'3'5pm

where p, represents the size of the biomass after n hours and the symbol """ means "is
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proportional to." As an example of why such an equation is reasonable, suppose it takes four
time periods for ayeast cell to divide in two. Then, since their divisions are probably not
happening at the same time, in any given time period, one-fourth of the yeast will have
divided, adding 0.25 p, yeast to the population. In favorable circumstances yeast cells don't

die, so the net change is an addition of 0.25 p,,. We can describe thisas p,,, 1 - p, = 0.25p,,. Of

course, the four time periods was just an illustration. If we don't know the exact number, we
just represent the rate ask, giving

Pr+1 — Pwn — -& Pa-

Time | Obsarved | Chan _—— ;

- Vot . g= Change in Biemaszs ve. Biomass
Hours | Biemass | Biomass | 8000 _

Pr P Pn | 5 .
0 2.5 avr 'Z co00 - . .
1 18.3 107 T '
e . ®

i) 29.0 142 a .®

3 el EE- I SR I . . :

75 B 0.0 500 4000 4500 2000

o] 1191 BR A Biomazs

5 1745 82T

T 2ET.A

Figure 3 Growth of ayeast culture versus observed yeast biomass [data from Pearls (1927)].

Note that the graph of the data does not lie precisely on a straight line nor does it pass exactly
through the origin. However, the data can be approximated with a straight line passing
through the origin. Placing aruler over the data to approximate a straight line, we can
estimate the slope of the line to be about 0.6. Estimating k = 0.6 for the slope of the line, one
might use proportionality to hypothesize the model

AP = Prt1 — P = Ubpn. &
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Modeling Births, Deaths, and Resources

If both births and deaths during a period are proportional to the population, then the change in
population itself should be proportional to the population, as was illustrated in Example 2. Note that
the model predicts a population that increases forever. However, certain resources (food, for
instance) can support only alimited population level. Asthis maximum level is approached, growth
should slow. Let's see what happens to the yeast culture, which is grown in arestricted area, astime
increases beyond the eight observations included in Figure 3.

Time |[Observed | Change
in Yeast in
Heourz | Biemass | Biomass _
m Fra- P Growth in & Yeast Culture

i 985 TOO

1 123 a7 L,
2 290 107 a0 .

3 47 2 182 .

1 71.1 230 E00 .

g 1191 48.0 & .

5 1745 555 E 400

7 267 .3 a2 = .

a 2607 93.4 % a0

3 441 0 903 . .

10 513.3 72.3 a0 .

11 BE9.7 45,4

12 |5943 351 100 *

13 |&204 46 .

14 G405 1.4 ol ees . | | | |
15 511 0.3 o 5 40 15 20
15 FEE 3 ) Time thrl

17 E59 5 a7

18 5514 22

Figure 4 Y east biomass approaches a limiting population level.
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We note from column 3 in Figure 4 that the change in population per hour becomes small as
resources become constrained. From the graph of the populations versus time, the population appears
to be approaching alimiting or carrying capacity. Suppose from our graph that we estimate that 665
isthe carrying capacity. (Actually our graph doesn't allow usto tell by looking that the correct
number is 665 and not 664 or 666, for example. More advanced techniques can be used to obtain
665.) As n,, approaches 665, the change should slow considerably. Consider the following model:

FAY

— Dn41 — Pn — &PHE'SEE _Ph]-

Intuitively, the factor (665 — p,,] will approach 0 as p,, approaches 665, causing /4 ,, to become
small. Let's check the hypothesized model against some data (Figure 5).

Prt~Pr | prlS55-pr)
ar c2aq a4
107 | 11 22451
182 | 18,444.00
229 | 2914015
440 | 4222529
BhE | 8501883
22T | AhE2iAd
2934 Hod201.24
903 [H10225.01
T2A | 9272400
LT I T
251 | 585354
245 | #H1,75495
11.4 | 22, 40664
108 | 15,507 .25
4.8 Qoe0.29
ar ol
2.2 a1 .84

Pr+1~Pr
5 EE 23

100
ag

T

0 - g *o®

Yeazt Growth Constrained by Besource

To test the model and find k, let's plot [y 41

Figure 5 Testing the constrained growth model.

guantities are proportional.

— Dy ) VErSUS p,[665 — p,, | to see whether these

If we accept the proportionality argument, we estimate k as the slope of the line approximating the
datato be about 0.00082, giving the model
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Pat1 —Pn = D.00082p, (665 — p,].

1.4 Modeling Change with Difference Equations | | | >
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Solving the Model and Verifying Results

Using algebrato solvefor p,,1 gives

Prgi = pn+ 0.00082p, (665 — py).

Note that the right-hand side is a quadratic equation in p,,. Such equations are classified as nonlinear and in
general cannot be solved for analytic solutions. That is, we cannot find aformula expressing n,, in terms of n.
However, if we are given that pg is 9.6, we can substitute to compute p4. That is,

pi = po+ 0.00082po(665 — po)
9.6 + 0.00082(9.6)(665 — 9.6)
= 14.76.

In asimilar manner, we can use py = 14.76 to compute p = 28.00. Iterating, we can
compute atable of values, or anumerical solution to the model. The numerical solution, or
- model predictions, are presented in Figure 6. The predictions and observations are plotted
Iterationisa on the same graph versus time. Note that the model captures the trend of the observed data

prrcla_cidure in Ivery well. This verifies that our model is reasonable.
whic

repetition of a
seguence of
operations
yields results
successively
closertoa
desired result.
A numerical
solutionisa
table of values
obtained by
iterating a
difference
equation
beginning with
an initial value
or values.

DEFINITIONS
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Ti_me Chsereation | Predicticon
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Figure 6 Plotting the model predictions and the observations.
We will now build several models that we will solve in subsequent sections.
Example 3 The Spotted Owl Population

We will build four models of the spotted owl population, each incorporating different assumptions. We
will begin with avery simple model-- one assuming an abundance of resources. The second model will
add the assumption that resources are restricted. In the third and fourth models, we assume the existence
of another species in the ecosystem. In the third model, we assume the two species compete against one
another for the scarce resources. In the fourth model, we assume that the two species have a predator-
prey relationship.

a. Unconstrained Growth Consider only births and deaths. Assume that during each period, births are a
percentage of the current population, #y,,, for b a positive constant. Similarly, assume that during each

period, a percentage of the current populations dies, say op,,, for d a positive constant. Neglecting all
other variables, the change in population is the births minus the deaths, or

NPy = Prt1 — Pr = 0pn — dpn = Epy,

where k = b - d represents the growth constant.

b. Constrained Growth Suppose the habitat can support an owl population of size M, where M
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represents the carrying capacity of the environment. That is, if there are more than M spotted owls, the
growth rate should be negative. Also, the growth rate should slow as p nears M. One such model is

-ﬂpn = P41l — Pn = '&pﬂ(M _pﬂ:l!
for k a positive constant.

c. Competing Species Now suppose a second speciesisin the habitat. Let's represent the population of
the competing species after n periods as ¢ .. Suppose in the absence of a second species, either species
exhibits unconstrained growth, that is

Sy = Cndl — Cm — -&lcn:

&Pn = Pnil1 — Pn :'&ﬂpﬂ:

where [, and }, represent the constant growth rates when the other speciesis not present. The effect of
the presence of the second speciesisto diminish the growth rate of the first species, and vice versa.
While there are many ways to model the mutually detrimental interaction of the two species, consider the
following model, where the decrease in the growth rate is proportional to the size of the competing
Species:

Meyw = tpp1 —tn = (k1 — kapnlen = k1cn — Eacnpn,
&pﬂ = P41 — Pn = “‘:2 - -&&ﬂnjpn = -&Epn - -&&Cnpn-

Positive constants }, and [, represent the relative intensity of the competitive interaction. We call this
asystem of difference equations since there is more than one equation. Do you see why the constants [
and [, should be positive?

d. Predator- Prey Species Let's now assume that the spotted owl's primary food sourceis asingle prey,
say rabbits. We will represent the size of the rabbit population after n periods as +,.. In the absence of
the predatory spotted owl, the rabbit population prospers. We can model the detrimental effect on the
rabbit growth rate of the spotted owl population in a manner similar to the way we modeled detrimental
competition (by decreasing the growth rates):

AL JRpee Trmdl — Tn — ['{:1 - '%Epn]'rﬂ — '&1?"” - '&ﬂpﬂrﬂ!

where [, and [, are positive constants. On the other hand, if the single food source of the spotted owl is
the rabbit, then without the rabbits the spotted owl population would diminish to zero, let's say at arate
proportional to p,, or — ik ap,, for [, apositive constant. The presence of the rabbits increases the
growth rate. One such model is

ﬁpn = Pndl1 — Pn — (_-&3 + -&&Tnjpn
_-&E-Pn + -&&pnf"n-

Summarizing our predator- prey model, we have
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By, = Prutl — Tm = H‘i - i‘:}?‘n]'-"n
E1rn — kapnrn,
AP = Pn41 — Pn = [(—Ea + karn)pa
= —kapn + kabnra.

Note the similarities between the above model and the competing species model of part c. &
Example 4 The Spread of a Contagious Disease

Suppose there are 400 students in a college dormitory and that one or more students has a severe case of
theflu. Let 1,, represent the number of infected students after n time periods. Assume that some
interaction between those infected and those not infected is required to pass on the disease. If all are
susceptible to the disease, (4 — 1,, ] represents those susceptible but not yet infected after ntime
periods. If those infected remain contagious, we may model the change in infecteds as proportional to the
product of those infected by those susceptible but not yet infected, or

My = tpgp1 —in = biu(400 —1,).

There are many refinements to this model. For example, we can consider that a portion of the population
is not susceptible to the disease, that the contagious period is limited, that infected students are removed
from the dorm, and so forth. The more sophisticated models treat the infected and susceptible
populations separately, as we did in the predator- prey model in Example 3. &

Example 5 Warming of a Cold Object

Now we consider a physical example where the behavior is taking place continuously. Suppose a cold
can of sodaistaken from arefrigerator and placed in awarm classroom and we measure the temperature
periodically. Suppose the temperature of the sodaisinitially 40° F and the room temperatureis 72° F.
Temperature is a measure of energy per unit volume. Since the volume of sodais small relative to the
volume of the room, we would expect the room temperature to remain constant. Further, we may want to
assume that the entire can of soda is the same temperature, neglecting variation within. We might expect
the change in temperature per time period to be greater when the difference in temperatures between the
soda and the room is large and the change in temperature per unit time to be small when the differencein
temperaturesis small. Letting t,, represent the temperature of the soda after n time periods and k a
positive constant of proportionality, we propose

.ﬂfn = i‘n_|_1 - fn = .&(?E - i‘nj.

It turns out that thisis avery good model if k is properly chosen. Again, many refinements are possible.
While we have assumed k to be constant, it depends on the shape and conductivity properties of the
container, the time period of the measurements, and so forth. The temperature of the environment may
not be constant in many examples, and often it is necessary to recognize that the temperature is not
uniform throughout the object. The temperature of the object may vary in one dimension, asin athin
wire, or in two dimensions, such as aflat plate, or in three dimensions, asin a space capsule reentering

http://www.webpearl s.com/products/demos/pap/comap/chapter 1/sec4/node6.html (4 of 6)3/14/2007 3:16:49 PM



Solving the Model and Verifying Results

the atmosphere. &

Example 6 From Galileo to Newton to Galileo

Galileo observed an object rolling down a smooth inclined plane. Noting the cumulative distance
traveled after 1 sec, 2 sec, etc., he then computed the differences of the cumulative distances traveled, or
the average velocities during the periods. Knowing the velocities, he computed the differences of the
velocities, or average accelerations, and observed that these "second differences’ of distance traveled
were constant. Galileo studied balls rolling down an inclined plane as an indirect way of understanding
what happens when a body falls through the air, for example asif it were dropped from the Leaning
Tower of Pisa. Asfar aswe can tell, Galileo never actually conducted experiments in which balls
dropped through the air, probably because getting the time and distance measurements was much harder
than getting them for balls rolling down ramps. However, let's suppose he had dropped balls from the
Leaning Tower of Pisa. What number would he get? Modern experiments show that the numbers would
be as shown in Figure 7. Consider the difference table of hypothetical datain Figure 7 for motion under
gravity without resistive forces.

n dn Adn=vn Doy Galileo Data
seconds | feet | flizec | flrfsecizec
0 0 18 az o B0 -
1 15 448 az E 00 .
2 G a0 az
a 144 112 az § z - *
4 2e5 144 az o -
5 400 | 176 % 0 . ! |
g5 676 208 0 5 0
T 7adq Time [seconds)

Figure 7 Galileo'sdatafor falling bodies.

Thefirst two columnsin the table in Figure 7 are the observed data. There is no proportionality between
these columns (the graph at the right is not well fit with a straight line), so we calculate the differences of
the distances /., and enter these in the third column. Noticethat /¢, = o411 — d, iSthe average
velocity between timesn and n + 1 so we label it ... This column also has no proportionality relation to
either of the first two columns. We take another difference (column 4) and find that

Ay, = tag1 — v, = 3L

However, we want a difference equation involving the distances. To get this, we note that, by definition
of velocity,

N ﬂrn+z—ﬂrn+1, and
tl'n = ﬂrn.l_j_ - ﬂrn-
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Substituting, we have

ﬂrn+g—ﬂrn+1—|:ﬂrn+1 —ﬂrn] = 32, or
ﬂrn+g—gﬂrn+1+ﬂrn = az.

However, the motion is taking place continuously and not in discrete time intervals. What if we take time
intervals smaller than one second? Newton observed that the ratio of the change in velocity per unit time
approached a limiting value as the time interval became arbitrarily small, and he invented the calculus to
address "continuous' change using such limits. This was a big advance over the mathematics available to

Galileo. &

1.4 Modeling Change with Difference Equations | L | | >
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Galileo to Newton and Back

In al of the difference equations we have discussed, we have chosen a specific

time unit as the basis for the equation. For example, Galileo'slaw, fu,, = 32, SPOTLIGHT
tells us how the velocity after n seconds compares with the velocity after n+ 1

seconds. Two criticisms can be made of this approach. First, why should one Galileo's
particular time unit be chosen over another? Why not let n tick off minutes or "L aw" of
microseconds instead of seconds? Another criticism isthat the equation is Faling
ignoring what happens during the in-between times. Bodies

Although it isfar from obvious, neither of these criticismsis serious in relation to Galileo's law.
Thus, one might say that difference equations were fine for expressing Galileo's thoughts. However,
when Newton took up the matter of gravitation, he found it necessary to deal with the in-between
times and with "instantaneous changes' rather than changes taking place in some particular time unit.
Continuous models of this sort required the invention of calculus (mostly due to Newton and
Leibniz), a subject so profound and useful that entire courses are given over to it. With calculus, it
was possible to deal with bodies whose fal is retarded by the friction of air molecules rubbing on the
body or colliding with it--a problem Galileo could not deal with, even though he was certainly aware
of its importance.

Trying to draw useful conclusions from these cal culus models based on instantaneous changes often
proved difficult. Currently, the best way over these difficultiesis to find a difference equation model
to approximate the calculus model and to draw conclusions from it using ideas from this chapter.
Thus, we need both the sophistication of Newton's mathematics and the simplicity of Galileo'sin
order to make progress.

We have gotten but a glimpse of the power of difference equations and the idea of proportionality to
model change in the world about us. In the next section we will classify the difference equations by
type and begin solving them. Thus, we are back to Galileo in the sense that the mathematical
formulation would have been completely understood in his day.
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In the previous section we built models by noting that change often leads to a difference equation
model. Furthermore, in many cases we assumed that the change or difference was proportional to
some quantity. When we estimated and substituted the constant of proportionality from a set of
observed data, a difference equation with constant coefficients resulted. For example, if each month
7% of the amount of a pollutant p,, were removed from a contaminated lake, the change or difference

each month would be

ﬂ"-Pn — P4l — Pn — _D-DTPH:

which can be rewritten with the highest term in the sequence isolated on the | eft,

pn.'.j_ fm— pn - D-DTpn!
which isthe form typically used for studying difference equations.

In this section we will define what we mean by a solution to a difference equation, discuss what
types of difference equations have analytical (formula) solutions by classifying the equations by their
mathematical structure, and find analytical solutions to two important classes of difference equations
whose solutions predict polynomial or exponential change.

1.5 Solving Linear Homogeneous Difference Equations | - | s
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Solutions to Difference Equations

What do we mean by a solution to a difference equation? Isit atable of values, agraph, or aformula
or function? Actually all three are forms of solutions, each having its particular advantages. Let's
begin by formalizing the notion of a numerical solution.

As stated earlier, anumerical solution is atable of values obtained by iterating a difference equation
beginning with an initial value or values. For example, money accruing in a bank account at 7%
interest is modeled by the difference equation

Upt1 = dx+ 0070y,

where ¢ ,, represents the amount in the bank after n months. If theinitial value g is$1000, then
Figure 1 shows a numerical solution for the first 10 months. It is obtained by substituting 5 = 1000
and computing ¢ 4. Successive terms for the sequence are obtained iteratively. To assist in analyzing
the behavior, we have included a graph of the sequence for the first 11 terms.

DEFINITION

An analytical solution to a difference equation is afunction that resultsin an identity when
substituted in the difference equation and satisfies any initial conditions given.

In the preceding example, given the difference equation
an+1 — ﬂn+ D-DT':I.H!

if the function ¢, = |:1_|j'r]3~' « for any constant c is substituted, an identity results:
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U1 = |:1.|:|'|?:|k+1|3
= (1.07)%c 4+ 0.07(1.07)% ¢,
(1.07)%+: = (1.07)%*1..

Note that no initial condition was needed. If we knew that «; was 1000, then we could determine c
by substituting 1000 for ¢, for k=0:

ag = 1000 = [1.07)%,
¢ = 1000.

DEFINITION

A general solution to a difference equation is a function where substituting individual values gives
all the individual solutions corresponding to the different values of theinitial condition.

We see that the constant ¢ allows us to solve for the initial value, and vice versa. We call
ai = (1.0 'F]F* - ageneral solution to the difference equation because substituting individual values
of c givesall theindividual solutions corresponding to the different values of theinitial condition

oo

L et's compare numerical and analytical solutions before discussing graphical solutions. Note that all
that was needed to find a numerical solution to our banking model was a difference equation and an
initial value. Thisisapowerful property of numerical solutions--the difference equation does not
need to possess special properties for you to find numerical solutions. Merely begin with the initial
value or values and iterate or substitute values and evaluate. On the other hand, since we did not
have a general formulafor the kth term, each term had to be computed from the previous term.
Predicting long-term behavior may be difficult from a numerical solution, as we shall see in Section
1.8 when we study nonlinear difference equations.

An analytical solution provides afunction from which we can directly compute any particular term
in the sequence. For example, knowing that ¢, = 1000(1.0 7]* in the previous example allows us
to compute the amount after 95 months, g4 = (1000](1.07)%* by pushing 18 buttonson a
calculator with alog function and inverse log function. How many buttons do you have to push to
calculate ¢ 4¢ by iteration?

Another advantage of analytic solutions is that when we find one, we usually get the general solution
at the same time. By contrast, a solution found by iteration pertains only to one initial condition.
Unfortunately, we can find analytical solutions for only arelatively small number of difference
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eguations that possess certain properties, which we classify ahead.

Graphing anumerical or analytical solution provides visual intuition of the behavior under study, as
we can see by referring to the graph in Figure 1. More importantly, we will seein Section 1.8 that we
will be able to construct a solution to a difference equation using a graphical procedure. The method
Is called cobwebbing and provides great insight into the long-term behavior of difference equations
that are otherwise difficult to analyze.

Mornith Frire: ipsl | ritere==t

n 3,

O |$1000.000 | $70.000 = - .
7 0000 | 740000 1800 .

o 4400 | &340 .

3 eEs s | esrsm | o B0 .

1 FO0FE | M | o0 o .

5 EEE | GBI .

& 150730 | 1050510 T+ . °

7| wmerel | 11240 e
& 1718185 | 1202730 a1 2 3 4 S5 & 7 & 44 1
g ER5.450 | 125600 n

10 1967 151 | 137.7000

Figure 1 Interest in abank account.

L et's now begin our quest to find analytical solutions to difference equations. The simplest class that
possesses analytical solutions are difference equations that are linear, have constant coefficients, are
homogeneous, and are first-order. What do these terms mean?

1.5 Solving Linear Homogeneous Difference Equations | - | s
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Classifying Difference Equations

In ordinary algebra, we call y = mx + b alinear equation. Certain difference equations look alittle
like this, namely those of the form

Upi1 = Tay + 0,
and are examples of linear difference equations. Here, r and b could be constants or functions of n,

but in this course we stick to the case where they are constants. Thisis alinear difference equation
with constant coefficients. There are other kinds of linear difference equations as well.

DEFINITION

If the terms of the difference equation that involve sequence variables (i.e., which contain a's)
involve no products of sequence variables, no powers of sequence variables, nor functions of
sequence variables such as exponential, logarithmic, or trigonometric functions, then we call the
difference equation linear. Otherwise the difference equation is nonlinear. Note that the restrictions
apply only to the terms involving the sequence variable and not to any added terms which don't
involve the sequence variables.

The following difference equations are linear and have constant coefficients:

oyt 2 = Sﬂn +'112, “-:I
Tyt = Eﬂn, (2]
ﬂn+g—3ﬂn+1+‘1ﬂn = 6, |:3:|

while the following are nonlinear:
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Trnt1 — Eﬂnjjs (4]
Gntz = ldng1llan). (5)
The definition of linearity also appliesto systems of difference equations such as the competing

species and predator- prey models of Section 1.4. Those particular systems were nonlinear because
of the existence of theterms ¢, 1y, and 1y, 74

DEFINITION

A linear difference equation is called homogeneous if the only terms that appear are ones involving
a sequence variable.

Equation (1) is not homogeneous, because of the ., 2 term. Equation (2) is homogeneous. Equation
(3) is not homogeneous, because of the 6. We are not concerned with classifying (4) and (5) since
they are not linear. The following equations are homogeneous:

Tyt 2 = Eﬂfn, |:|5:|
ﬂn+g—3ﬂn+1+‘1ﬂn = 0. |:T:|

A systemis called homogeneous if each of its equations is homogeneous.

If one neglects the terms in a nonhomogeneous linear equation that do not contain a sequence
variable, a homogeneous equation results. In Eq. (1), if we remove the term 4 2, we get Eq. (6),
which is called the associated homogenous equation. In Eqg. (3), if we replace the 6 with O, we get
the associated homogeneous equation (7).

If one were to take the lowest subscript appearing in a difference equation and subtract it from the
highest, the resulting number is called the order of the difference equation. For example,

Unta = ddpt1+ 20,
Is a second-order equation because (n + 2) - n = 2, while
Upm—1 = Hdxn4s — dn—3
isasixth-order equation because (n+ 3) - (n- 3) =6.
We will mainly be concerned with first-order equations, but there is one important lesson about
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higher-order difference equations; it concerns how many initial values are needed to generate a
numerical solution. Thispoint isillustrated in Example 1.

Example 1 Galileo's Problem

In Example 4 of Section 1.4, we derived a model for the distance d that an object would fall
after n seconds, assuming no resistance:

ﬂrn+g—gﬂrn+1+ﬂrn - 32,
Clrn_|_g = a2 +2C|rn_|_1 —Clrn.

Note that the equation is second-order. Furthermore, note that in order to build a numerical
solution, one must have two starting values. If one observed that 5 = land 4, = 1, one
could then compute the sequence representing the cumulative distance traveled,

dn = {0,16,64, 144, 2586, 400, ...}.

In general, a difference equation of order n requires ninitial conditions to build a numerical
solution. We note before moving on that in the case at hand, if one only knew - = (and
had no knowledge of the solution function, one could not enumerate the other termsin the

sequence. a

For a system of difference equations, the order is defined to be the larger of the two orders of the
individual equations. The following system isfirst- order, linear, and homogeneous:

Trmtl1 = day — E'm

IE'ﬂ-|—1 E'jn_ E'n:

while the following system is second-order, nonlinear (products of terms in the sequence), and
nonhomogeneous (y, < term):

2
Uwmtz — ':fn+1_3':fn|5n_'n '

IE'n-|-2 — IE'n-|-:l - Eﬂnﬁn-

1.5 Solving Linear Homogeneous Difference Equations | | | e

http://www.webpearl s.com/products/demos/pap/comap/chapter 1/sec5/node3.html (3 of 3)3/14/2007 3:17:24 PM



Finding Analytic Solutions by Conjecture

Principles and Practice of Mathematics

1. CHANGE

1.5 Solving Linear Homogeneous Difference Equations | L | s

Finding Analytic Solutions by Conjecture

To find an analytical solution to a difference equation, we need to find a function

that when substituted in the difference equation yields an identity and that SPOTLIGHT

coincides with any initial values that are specified. The method of conjectureisa

powerful mathematical technique that enables us to hypothesize a solution, How Long

substitute, and either accept or reject our hypothesis. In essence, we prove or Have These

disprove our conjecture. How does one find a function to test by conjecture? Bodies Been
Dead?

Mathematical science is often called the science of patterns. We will now
illustrate several methods for observing a pattern which enable us to conjecture a solution to accept
or reject. First we examine difference equations that lead to polynomial growth.

In Section 1.2 we noted from a difference table that linear functions have first differences that are
constants. Thus, one might expect that the solution to first-order difference equations such as

My = g1 — 0y = 7, (&)
Uyt — Cfn+5

have the form
ar = mk+ b. E)
Substituting in Eq. (8) for g and agq1 = m(k + 1) + b wehave
miE+1)+b—[mk+4b] = 5,
yieldingm= 5 and b arbitrary, or g, = 5k 4+ §. Thisisthe general solution of Eq. (8). The
arbitrary constant b can be determined if an initial value « is given, as we see in the next example.

If we allow the constant 5 to be any constant, we can prove Theorem 4, in Section 1.2, similarly.

Example 2 A Linear Solution Function
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Find the analytic solution to the following difference equation:

|:|-H+1 fm— ﬂ.n-l_ﬁ,

iy - 3.

Thefirst difference is a constant, and the solution is given by Eq. (9) with m= 6. Thus,
ax = Gk + & Substituting k = 0 allows us to evaluate the arbitrary constant,

3 = 6(0) 4+ &,
b = 3, A
ap = Gk + 3.

Had we not observed from the difference table the pattern that linear functions produce first
differences that are constant, we could have constructed a numerical solution to Example 2 to
observe that the graph of the solution was a series of pointsfalling on aline. Y ou may want to verify
thisfor Exam- ple 2.

Similarly, from difference tables, we noted that quadratic functions have second differences that are
constant. Thus, we would conjecture that the solution to Galileo's problem (from Section 1.4)

&ﬂarn = ﬂrn+g—2ﬂrn+1+ﬂrn:32

has the form

de = ok 4bk+ c.

Thisis an example of a quadratic change.

From Example 1, we expect two arbitrary constants will be involved in ageneral solution since the
equation is second-order. In the exercise set you are asked to show that the conjecture is true and to
solve for the constants a, b, c. Y ou will see that two arbitrary constants result and can be evaluated
knowing that 4, = fand {; = 16

We have seen that equations with constant first differences or second differences lead to linear and
guadratic functions, respectively. Similarly, we expect equations with constant higher-order
differencesto lead to higher-degree polynomials (and they do!). Now let us consider equations
leading to exponential growth.

Suppose we have a sequence { «, }, which has the property that each term is some constant r times
the preceding one. That is,
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4 - Tdi,
) — Tda,

and, in general,
w41 — Tiwy

for any value of n. Further, suppose that the initial term in this sequenceis . It follows that

] —  Tdo,
a3 = ray; = rlrag) = riag,
gz = ra; = ririag) = ag,

and so forth. Thisleadsto aformulafor the genera term,
[ — f.r":¢ a1,
o= 0,1,2,3,...
We note that whenever the constant r> 1, the values for ,, get successively larger. On the other
hand, if 0 <Ir <1, then the values become successively smaller. Such problems are called
exponential growth and decay problems, respectively, and they arise in many different situations. We
now consider a series of examples that use these ideas.

Example 3 An Investment Problem

Suppose $1000 is deposited in abank at 6% interest, compounded annually. After one year,
the initial balance j, = $1000 has earned 6% of $1000 = 0.06(1000) = $60 in interest, so that
there is balance of

by = 10004 0.06(1000) = 1.06(1000)
in the account. Letting §,. represent the balance after n years, we have the model
boy:s = by + 0068, = 1.065,,

which displays exponential growth with a growth rate r = 1.06. Therefore, the balance after k
yearsisgivenby p; = 1.06%(1000) &

Example 4 Population Growth
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The population of Latin Americais currently increasing at arate of about 2.2% ayear. That
IS, the population at the end of any given year is 2.2% greater than at the beginning, or

pn.'.j_ fm— pn + D-DEEPH fm— 1.':'22}_:'”.
Assuming the current Latin American population to be 450 million, find
a) the population in 25 years,

b) how long it takes for the popul ation to double,
c) how long it takes for the population to reach 1 billion.

For agrowth rate r = 1.022 and an initial population of 450 million, the population in year k,
n, ISgiven by

e = (l.DEE]kHED, 00a, 0007,
which for k = 25 gives a population of 775,327,000. The population will have doubled when
v = 2po = (1.022)%pa,
or when 1.022 = 2.

If we take logs of both sides of this last equation, we find that

fogl1.022)" = =iog(1.022) = fog(2), sothat

_ (fogl2)]
"OT hogirazay oLEe

Therefore, if the current growth rate continues, the population of Latin Americawill doublein
about 32 years.

Finally, the population of Latin Americawill reach one billion when
vy = (1.022)7(450,000,000) = 1,000,000, 000,

Solving thislast equation for n,
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(1.022)" = 2.222,
fog(1.0221" = nfog(1.022) = Joy(2.2223],
fog(2.2232
g = Uos(322) .

(fog(1.023))
or about 37 years. &
Example 5 Sewage Treatment

A sewage treatment plant processes raw sewage to produce usable fertilizer and clean water
by removing all other contaminants. The processis such that each hour, 12% of remaining
contaminants in a processing tank are removed. What percentage of the contaminants would
remain after one day? How long would it take to lower the amount of contaminants by half?
How long until the level of contaminantsis down to 10% of the original level?

Let the initial amount of sewage contaminants be :, and let the amount remaining after n
hours be :,.. We then build the model

Spmp1 = &n— 013z, = 0.88s,,.
The solution to the difference equation is given by the sequence
e = [0.88)% .
After one day (24 hours), when k = 24, we obtain

206 = ([0.88)*%s50 = 0.0465zq,

so that the level of contaminants has been reduced by over 95%. To find when half the
original amount of contaminant remains,

3n = 0.5sp=(0.88)% sp.
We solvefor k:
(0.88) = 0.5,
; (fog(0.5]] _ 54,

(fog(0.88])
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or 5.42 hours.

Similarly, to reduce the level of contaminants by 90%, we find

(0.880%:0 = 0.lsg,

o [egl0a))
£o= (fog(0.88]) = 18.0,

or 18 hours. &
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Comparing Polynomial and Exponential Change

Many functions we deal with in applications grow toward -« as n gets larger. Often, we need amore
specific idea of how swift the progress toward «« is. For example, in alater chapter, you will study
algorithms and become aware of the concern with the ever-increasing time it takes to compute
solutions to problems when the required number of arithmetic operations grows. For another
example, the Spotlight in Section 1.1 deals with the question of whether population tends to outstrip
the growth in food. Let us now consider an example in detail in which the two growth rates are
compared.

Example 6 Wedding Gifts

Suppose your parents have offered you a choice of two investment plans for your wedding
gift. In plan A, your parents will place $7000 in a certificate of deposit redeemable at the time
of your marriage which pays 12% annual interest compounded monthly (1% per month). For
plan B your parents will provide $7000 plus an additional $100 for each month until you
marry, but no interest. Letting «,, and § ., represent the amount that would exist after n
months for plan A and plan B, respectively, we have the following models:

Tyt = 1.':'115[”,
aop = 000,
Eln_|_1 = E'n+l|:||:|,
b = OO0,
The solutions to the models are
ax = [1.01)% 7000,
b = 100F 4 7000.

You quickly realize that plan A returns $70 the first month while plan B returns $100 above
the $7000. Since you do not currently have any wedding plans, you compute a few more
points. If you marry after graduation, about 48 months from now,
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des = [1.01)¥%7000 = 11, 285.83,
bes = 100(48) + 7000 = 11, 800,

Plan B is still better, but not by much. If you start your career before marrying, you may
marry in 10 years or so:

giz0 = (1.01)**°7000 = 23, 102.60,
bian = 100{120) 4+ 7000 = 18, 000,

Plan A is now better by more than $4000. To emphasi ze the difference between the growth
patterns, you compute the status of the two plansin 50 years:

deon = [1.011°9°7000 = 2, 741, 083.78,
beon = 100{600) 4+ 7000 = &7, 000,

The two plans now differ by afactor of over 40! Notice that the base of the exponential is
only slightly greater than 1. Even so, the exponential eventually dwarfs the polynomial, in this
case alinear model. Growth rates are important in many applications, and we will return to
this fascinating subject later in the course. a
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Summary

In this section we have found solutionsto all first-order linear difference equations with constant
coefficientsif the equations were homogeneous. Additionally, we discussed solutions to difference
equations where the nth differences were constants (nonhomogeneous equations of the form

M®q,. = o for cany constant). We saw that the solutions led to behavior that changesin an
exponential or polynomial manner. The method of conjecture allowed usto find solutionsto entire
classes of problemsfor al initial conditions, while iteration allowed usto build a numerical solution
for a particular problem given specific initial conditions. In the next section we consider additional
first-order linear equations with constant coefficients that are nonhomogeneous.

1.5 Solving Linear Homogeneous Difference Equations | - | s
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Y ou receive your credit card bill. Y ou note that the minimum payment is $20 and

the interest rate is 12% per year billed 1% per month. Y ou have frequented the SPOTLIGHT
bookstore buying some really interesting math books, and so you have run up a

not-so- arbitrarily-small bill. Because your hard-earned summer funds have dried Strange
up, you decide to pay the minimum amount. Y ou wonder how long it will take Attractors
you to pay the bill if each month you pay the minimum amount. Y ou have given

your credit card to your younger brother for safekeeping, so you are sure there

will be no new charges. Letting a,, equal the amount due at the beginning of month n resultsin the

model
Unt1 = Oy + 0010, — 20, (1)

Y ou note that Eg. (1) islinear with constant coefficients but is nonhomogeneous. Y ou have solved
nonhomogeneous equations before when the first or second differences were constant. But that is not
the case here. Y ou would like to find a solution for all possible initial values. Remembering that you
can build anumerical solution for particular initial conditions, you decide to explore a bit with your
trusty computer. Noting that the total amount due is $400, you produce Figure 1.

iiznth | Principal | Interest
£ 0.0 &y, 400 i\
4000000 [ 400000
2240000 [ 2.84000 200 4
2a7 Ad400 [ Asrado
2016184 [ 251518
2250235 235024
2182200 [ 24A2%~4 100 b
A bera [ Aecs i,
2ad4ha34 [ 2284583 'y *u
267 4298 | 285429 ] G 10 15 20 25
2e0400s [ 250104 hlenth

=

200 -

Frinzipal

o Cof = @ O pm| Qof P ] o

Figure 1 Initial balance of $400.
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Y ou note that in month 23, the amount turns negative, which means you have finally paid the bill
(and about $60 interest to pay off the $400!). While you were on the computer, your roommate
handed you your mail--no letters from home, but a new credit card bill and a note from your brother.
The total amount due is $2500. The note from your brother states he was in abind and charged his
room and board to your account with a promise to "catch up" later. He al so suggested contacting
home if you needed help since his parental credit line was exceeded--some brother! Y ou decide to
deal with him later, and then you change a cell in your spreadsheet knowing you can afford only the
$20 monthly payment (see Figure 2).

fl<nth Prinzipal Interest

n = L1 an

O [PEO000000 | 250000

T |2506.0000 | 250600 =580

2 [251008000 | 25 4005 2550 -

3 [2515.15060 | 51515 | — 2540

=

4 [PSR00201 | 252030 | 5 ogap -

§ |peesn060s | 950561 | £ o

& [PEO0TE00R | 258076

7 [Boacoeres | 25,5007 2510 /'/'

&  |2541 42835 | 25 4143 26000 —r”/’ . |

T [PRaGAdGd | 05,4584 0 5 10
10 |[EEeE.E1106 | D5 EOa hnith

Figure 2 Initia balance of $2500.

You look at the increasing interest and amount owed and realize for the first time why the credit card
company considered you such afine customer and raised your credit line as you continued to pay the
minimum amount. After reaching for the antacid, your curiosity is piqued. What if the amount owed
were $2000 and you continued to pay $20 per month? (See Figure 3).
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ienth | Principal | Interest
M = Lo an
i 2000 20
1 2000 20 000 —
2 20000 20 _
4 20000 20 _g—;. 20 —e——— &
4 20000 20 =
[
a 20000 20 {000 -
g 2000 20
7 20000 20 0
| | | | |
[a] 2000 20 0 2 4 S & 10
q 2000 20 hienth
10 20000 20

Figure 3 Initia balance of $200.

Very interesting! No wonder the credit card company is happy to have customers pay the "minimum
amount"! Y ou overlay the three graphs you have produced (Figure 4).

3000 evesens
T PR pevsassbra ety
i; QO ) kA bbb Adddddbh hhhddddd
£ 1500 -
1000 —
EI:':I_ -lllllllll............
I:ll | | | | ._I
i 5 10 15 20 25
1000 =

finnth

Figure 4 Anunstable equilibrium.

Let's analyze Figure 4. Whether you pay off the bill or not seems to be sensitive to the initia
condition. The models are the same--only theinitial conditions vary. Y et the three graphs are
remarkably different and predict wildly distinct conclusions! Y ou note that if the interest equals
exactly the minimum payment of $20, the total amount owed remains constant. If the amount owed
were greater than $2000, then the interest exceeds your payment and each month the interest
increases. If the amount owed were less than $2000, each month you could not only pay the interest
but a portion of the bill. In addition, each month the interest would decrease, allowing you to pay off
agreater portion of the bill. So the shapes of the graphsin Figure 4 seem logical. (Note that while the
graphs for theinitial values of $400 and $2500 appear to be linesin Figure 4 because of the scale,
they are really nonlinear, as can be seen by examining the appropriate table.)
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But what kind of function can represent all three graphs and allow the constant solution ak = 20007
The constant solution ¢, = 2000 is an equilibrium solution in the sense that if you start there, you
remain there forever. Furthermore, it is unstable in the sense that if you start close, you do not
remain close. In fact, you diverge from the equilibrium value. Try ¢, =2000.01 and ¢, = 1999.99.

Y ou are anxious to find the general solution so you can analyze alternative payment schemes before
writing home for help. Noting the nonlinear nature of two of the solutionsin Figure 4 and
remembering that polynomials solved the class of difference equations when the differences were
constant, you conjecture a quadratic solution function of theform ¢, = j ;2 4+ -k + 4, for
constants b, ¢, and d.

Equation:
tnt1 = L.0la, — 20
Conjecture:
axr = bR+ ck+d
Gkpr = BE4+1VF +elk +1) +d
Substitution:
BE* 42k + 1) 4k +e+d = L1.0L00E* 4 ¢k +d)— 20
BEL (2 4+ )k +b+c4+d = 1.010E* 4+ 1.01ck +1.01d — 20
Equating coefficients of like power s of k:
b= 1016 =2b=10
2h+c = 1.0lc—=c=1
b+c+d = 1.01d—320—=001d=20—d
= 2000
Solution:
b= 0, ¢c=10, d=2000,
or
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ar = 2000,

Very interesting - your conjecture produced the constant equilibrium solution but did not pick up the
nonlinear solutions. Y ou need another conjecture--a quadratic will not suffice. However, you've
become so anxious about the bill that your creative conjecturing brain cells have closed down; all
this finance has caused you to work up quite a sweat.

Y ou go to the refrigerator and remove the last cold soda, noting that the refrigerator temperature is
exactly 40°F. You place afew cans of sodain the refrigerator since it was really your roommate's
sodain the first place. Y ou realize your roommate is due back in afew minutes and you have already
taken asip from that last cold can. A few minutes--will that be enough to get the cans you have
added "reasonably close" to 4 *F? Thanking the stars that you know so much mathematics, you
hypothesize that the change in temperature each minute would be proportional to the difference
between the temperature of the refrigerator (which you assumeremainsat 4 °F) and the
temperature of the soda, which initially is at room temperature, 72 4F. Letting t,, represent the
temperature of the can after n minutes, you have the following model:

fn_|_1 = fn—'.'f‘“n —‘q'U],
In = TE,
for r aconstant of proportionality. But what constant? Aha! Y ou grab your math notebook and refer

to Exercise 8 in Section 1.4 - there was a purpose in working that mindless problem! After referring
to the answersin the back of the book, you write the following difference equation:

tny1 = tn — 0.00B1(t, —40) = 0.9919¢, + 0.324,
Ip = TE,

where -0.0081 is the constant of proportionality from Exercise 8 of Section 1.4. Y ou note that the
difference equation is again nonhomogeneous - my math professor said there would be days like
this! Back to the computer to find a numerical solution by iteration (see Figure 5).
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SECTION 1.6 Nonhomogeneous Linear Difference Equations
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Figure 5 The cooling of awarm soda

Y ou note that the temperature of the soda approaches 4 2F but never quite gets there, the difference
becoming arbitrarily small. Y ou hope you do not have to arbitrate with your roommate over the
difference. What if the initial temperature of the soda had been 35 °F? (See Figure 6.)

Minutes | Temperature

n ™

0 a5

i 25 0405

2 36 0B0E7195 | —

2 a5 12061851 E

4 B804 | 3

g 25 19924696 | 5 a7

& 45 25512007 %“ s

7 25 2767002 |+ -

E) 25 31495199 : 0 " - )
9 a5 35201072 | _

10 25 39065214 Time {minutes)

Figure 6 Aninitia temperature of 3k °F.
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Or 4p°F?(SeeFigure7.)

ilinutes | Tem perature
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Figure 7 Aninitia temperature of 41 °F.

Y ou overlay the three graphs (Figure 8).

=

0 100 2000 300 400

Figure 8 A stableequilibriumat 4p2F.

Do the graphsin Figure 8 make sense for the problems at hand? What kind of function can allow
those three solutions? Y ou start to think about what is likely to happen. The refrigerator is kept at a
temperature of 41 °F, so that initially there is alarge difference between the temperature of the soda
and that of the refrigerator. Eventually, the temperature of the sodawill be fairly close to the
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

temperature of the refrigerator. What kind of functional behavior best describes the way the
temperature of the soda decreases? Isit linear with a negative slope? Isit decreasing and concave
down? Isit decreasing and concave up? After alittle thought, you decide that it is much harder to
drop the last few degrees than the first few. Y ou expect that the behavior pattern for the temperature
of the sodawill drop faster at the beginning and less so later on. That is, the pattern is one where the
temperature drops in a concave- up fashion. Just what the graph shows! Y ou analyze the other two
graphsin asimilar manner.

From the graph you again note that there is a constant solution, 1,, = 40, an equilibrium value for the
problem. Thistime, however, it appears to be stable, in the sense that if you start close, you remain
close apparently forever. You try initial values of 39.99 and 40.01, and note that not only do you
remain close to the equilibrium value, but you come closer and closer as time goes on. The stability
of adifference equation is of paramount concern in mathematics and its applications. For example,
engineers desire that the mathematical model representing vibrationsin a bridge or automotive
suspension system be stable - oscillations caused by external forces should die away quickly. But
how do practitioners know if the system is stable, like the cooling of soda, or unstable, like your
personal finances?

Having seen the numerical solution to severa problems with variousinitial conditions, you are
anxious to solve the entire class of difference equations of the form

C[n_|_1:'.'f'lifn+6 [E:I
for any initial condition. In other words, you want aformulathat is a general solution. Twice you
have observed that there is a constant solution if the initial condition is equal to the equilibrium

value. A difference equation such as Eq. (2) has the value a as an equilibrium value if, whenever
a, = o for someparticular n, it followsthat a4 = aaswell.

To find the equilibrium value for Eq. (2), you substitute o = a,41 = o

a = ra -+ b.

Solving for a, you obtain the desired formula,
g = ———, for v # 1. (3]
T

Y ou are anxious to continue the search for the solution to Eq. (2) but you cannot help checking your
work. For the credit card model, r = 1.01 and b = -20, which upon substitution into Eq. (3) yieldsa =
2000, in agreement with your numerical work. Similarly, for the soda model, r = 0.9919, b = 0.324,
which upon substitution gives a = 40, again as expected. So far so good. As a check on your work,
you substitute the formula for the equilibrium value in Eq. (2) to verify that it isindeed a solution:
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

Equation:
Trt1 = il + IE
Solution:
_ b
U = dp41 = (1 _T]
Substitution:
5 5 + b
=
(1 — 7] (1 —r]
I dentity:
L
1—-7)  (1—=r)

Interesting, but you realize that the constant solution will not generate the nonlinear solutions that
you obtained numerically. Again you look at the graphs. Y ou have tried a polynomial. Y ou look at
Eq. (2) and note that the associated homogeneous equation is

Upt1 = Tlp, (4]
which hasthe solution g, = % . for c, a constant dependent on the initial condition. We call this an

exponentia solution, since the variable k is an exponent of the solution function. Placing the
associated homogeneous equation next to the class of equations you are trying to solve,

Nonhomogensous equation: app1 —ro, =6, (5]
Agsorlated homogenecus equation: apy1 — Tay, =10, (&)

you realize that the exponential satisfies Eg. (6) and the constant equilibrium solution satisfies Eq.
(5). On ahunch, you add the two solutions together to form a conjecture;

Equation:

Upi1 = Ty + 0
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

Conjecture:
b
_ i
g, = T ¢+ 1=
e — R4 :
* (1—7)
Substitution:
b R4 b
k41 _
+ = +
ST = =)
I dentity:
b b
k41 — k41
T C+(1—1r':| T c+[1—1r']'

Eurekal Finally, you have solved the following class of equations for all constantsr (except r = 1; do
you see why thisis an exception?) and b and for all possible initial conditions:

Clazs of difference equation: an,41 = ra, + 6, (7]

b
(1—r)’
where b/(1 - r) = aisthe equilibrium value. Now you are ready to explain why some equilibriaare

stable and some are unstable. Rewriting the analytic solution by abbreviating the equilibrium value a,
you get

()

Ceneral analytic solution: ax = ¢ +

d = frkr:—l-cr.

You realize that a will be approached only if theterm ,.* . goesto 0. This happensif |r| < 1. Clearly,
if r]> 1, then % . will eventually become large compared to a, making a unstable. Y ou decide to
investigate later the case for r = 1, which you have been avoiding.

Anxiousto apply your knowledge, you decide to answer several questions that have been bugging
you. First, you hope to pay off your debt in 12 monthly installments with some subsidy from home,
given your brother's antics. Knowing your parents will not "bite" without some evidence, you form
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

the appropriate model and solveit.
Example 1 The Credit Card

Given aninitial debt of $2500, what monthly payment will be required to pay off the debt in
12 installments assuming no new purchases and 1% monthly interest? Letting ¢ ,, be the
amount owed after making the nth payment, you want to find a monthly payment p such that
a1 = 0. Forming the model,

Umt1 = dn+ 00la, —p,
dnt1 = L.0la, —p,

ag = 2500,

oy = M.

Y ou note that r = 1.01 and that the equilibrium value isa = 100p. Thus, the solution is

axe = (1.01% ¢+ 100p.
To find the constants ¢ and p, you substitute k = 0 and k = 12:

do = 2500 = ¢+ 100p,
a1s = 1.0112¢ + 100p.

Solving the equations simultaneously, you find that ¢ =-19,712.20 and p = 222.13, giving the
solution for the given conditions:

ax = 1.01%(—19,712.20) — 222.13.

Thus, you can pay the bill in 12 months with monthly installments of $222.13, and your total
interest will be about $165.56 (because (12)(222.13) - 2500 = 165.56). &

Y ou write a note to Dad, sending him Example 1 and asking him to pay the 12 monthly payments of
$222.13. Y ou throw in afew spreadsheets and your analysis to impress him. Y ou add your formula
for the general case, which he can use to solve his annuity investments and those mortgage options
with which he has been wrestling. Then you remember he has been investigating new car loans for
that new family car he thinks he can afford when you graduate. The |oan options seem
mindboggling-- three-, four-, and five-year payoff periods and each with a different interest rate. You
realize the model should have the same form as the equations you just solved. After analyzing each
situation by using your solution for the general case to the particular problems, you decide that your
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

consulting services deserve the $400 you owe the credit card company. Y ou decide to go for the
whole bundle. Y ou want to formalize your finding on first-order linear difference equations of the
form

Upi1 = Ty + 0
by stating and proving atheorem. But first, what about the case r = 1 that you have been neglecting?

(The equilibrium value b/(1 - r) isnot defined for r = 1.) However, if r = 1, then the difference
eguation becomes

which means the first difference is the constant b, a difference equation you have aready solved.
Y ou state your theorem.

Theorem 1. The solution to the first-order linear difference equation a1 = ra, + bis

b
(1—r)’
ax = bk+ec, ifr=1.

e = o4 if r # 1, and

Y ou include your proof by conjecture, remembering that Dad likes you to back up your statements.
Then, you remember your roommate--how long will that hot soda you placed in the refrigerator take
togetto 43°F?

Example 2 Hot Soda

Given that asodaat 77 =F was placed in arefrigerator that you expect to remain at 4 “F,
how long will it take for the soda to reach atemperature of 422F, assuming a constant of
proportionality of 0.0081? Letting t,, be the temperature after n minutes, you restate the

model you formulated earlier:

fapi = tn —0.0081(t, — 40,
g1 =  0.9919:, +0.334,
f|:| = TE

Y ou solve for the equilibrium value a:
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

0.324
(1 —0.5018]

an_|_1 = lln = a = = ""1":',

giving the solution for any k and any initial condition

te = 0.99195¢ + 40.
To find ¢, you substitute the initial temperature:
to = 7% =4 40,
e = 3.

This gives the solution to your problem:

te = [0.90197%32 4 40.

Tofind kfor 1z =42, you substitute and solve:

43 = 0.8919%(32) + 40,
7 = 0.9919%(32),

m{116) = kin(0.9919),
Eo= 340,

The solution of 340 minutes is more than 5 hours! Knowing only 20 minutes have passed, you
quickly compute the temperature for k = 20:

tao = 0.9919°7(32) + 40 = 67,

Not nearly cold enough--too close to the room temperature. Just then, your roommate enters
and goes straight to the refrigerator. Remembering the modeling process, you assume the
existence of someice, say hello, and go to the movies. &

At the movies you see Jurassic Park. The hero is a mathematician! Someone who develops models
to explain behavior and predict results before mindless experimentation! Nonlinear difference
eguations, unstable equilibria, chaotic behavior, fractal patterns, sensitivity to initial conditions....
Y ou remember your math professor promised to introduce you to these fascinating subjectsin
Section 1.8 if you handled the linear difference equations well. This linear information, especially
the nonhomogeneous equations, has been interesting and practical, but that nonlinear world seems
downright fascinating. Y our interest piqued, you absolutely cannot wait to get to the next math
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SECTION 1.6 Nonhomogeneous Linear Difference Equations

lesson, but you realize you better do the assigned exercises if you have a hope of grasping what
comes next. Before doing so, you decide to finish your note to Dad. Y ou do some research to see if
your results are publishable and perhaps even get a grant from Dad, who would be so impressed.
You look up "cooling" in the Index, Newton's law of cooling, Isaac Newton, calculus, differential
equations, similar format and same terminology as difference equations but time is allowed to vary
continuously, similar solution techniques. |saac Newton-- as a kid you always appreciated the fig
cookies he invented--but calculus, some genius!

1.6 Nonhomogeneous Linear Difference Equations | - | b
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SECTION 1.7 First-Order Nonlinear Difference Equations

Principles and Practice of Mathematics

1. CHANGE

1.7 First-Order Nonlinear Difference Equations | -] | Be-

In Example 2, in Section 1.4, we investigated the change in the population of ayeast culture that was
living in arestricted area with afinite amount of resources to support the population. We saw in the
model and its solution that as the population grew, the resources became constrained, and the growth
sowed. If p,, isthe population size at time period n, k is the growth rate, and b is the carrying
capacity of the environment, then the difference equation that models the population change is

Prt1 = Pn T &Pn(ﬁ _F'n]- “—:l

Thismodel is called the logistic equation. Since the expanded form
Paf1 = Pn T Epnb — &Pi
contains the nonlinear term pi , EQ. (1) isanonlinear difference equation.

Example 1 Constrained Population

If we have a population under constrained growth with k = 0.0001, b = 10,000, and pg = 50,
use iteration and a graph to characterize the change of the population over the first 50 time
periods. Substituting the given values of k and b into Eq. (1) produces the difference equation

Pnt1 = 2p, —0.0001p2.
Iteration starting with ng = 50 produces the sequence {50, 99.75, 198.5, 393, 770, 1482,

2744, 4735, 7228, ...} The graph of the population over the 50 time periodsis shown in
Figurel. a
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1@.':':':' =1 'I/‘—‘—‘—G—i—i—H—G—‘—‘—H—.

Figure 1 Connected graph of the population model Eq. (2) starting with pg = 51.

1.7 First-Order Nonlinear Difference Equations | ] | Bn-
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Principles and Practice of Mathematics

1. CHANGE
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Equilibrium Value

In this problem, the population grows steadily, approaching the carrying capacity of 10,000. If the
population reaches 10,000, it stays there; therefore, 10,000 is an equilibrium value for the equation.
The population value of 0 isaso an equilibrium value for this equation. Equilibrium values are
found by substituting a common variable (we will use "q" for the equilibrium value) into the
equation for both P and p,,1 and solving for g in this equilibrium equation. For this population

model, the equilibrium equationis ¢ = 3y — D.UDDI;{E and the solutions are g = 0 and g = 10,000.
Example 2 New Approach to Equilibrium

Iterate and graph the difference equation from Example 1, p,,. 4 = 2p,, — |:|_|:|I:||:I]_pf] for
15 time periods starting with p, = 12,000. Thisinitial value provides a population greater than

the carrying capacity. The graph of this sequenceis shown in Figure 2. &

Figure 2 Connected graph of the population model Eq. (2) starting with p, = 12,000.

The graph in Figure 2 also shows convergence to the equilibrium value of 10,000. The iterations start
above 10,000; dip below 10,000 and eventually increase, tending toward 10,000. These two
experiments suggest that 10,000 is a stable equilibrium value for Eg. (1), since further iteration of
population values close to 10,000 become even closer to that equilibrium value. On the other hand,
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we could conduct experiments to show that the equilibrium value of 0 is unstable and that the
population will move farther away from this equilibrium value (unless the population is exactly O, in
which case it will remain at 0). It must be noted that experiments involving a finite number of
iterations or even afinite number of experiments can never guarantee stability. One never knows
what will happen in the next iteration or experiment.

Stability isrelated to the limit concept introduced in Section 1.3 and therefore involves an infinite
process. If the difference equation starts with an initial condition near its equilibrium value, then for
a stable equilibrium the limit value of the sequence produced by the difference equation is the
equilibrium value. These terms are defined as follows:

DEFINITION

Suppose that the difference equation defining ., has an equilibrium value g. Then g is a stable
equilibriumif thereis anumber ¢ = (suchthat when |ag — g| < & then lim ;o oy = ¢ If
the equilibrium valueis not stable, then it is unstable.

1.7 First-Order Nonlinear Difference Equations | -+ | B
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No Analytic Solution

We have seen how helpful numerical and graphical solutions produced by iteration are to conduct
analysis of solution behavior. Iteration and graphing are aways possible for reasonably small values
of n, but often they are not possible for extremely large values of n. In the previous two sections, we
saw how useful the analytic solution is to understand the long-term behavior of a solution or to
determine values of the solution for large values of the index n. Therefore, we desire general,
analytic solutions to nonlinear difference equations, like those we determined in the previous two
sections for linear equations. Unfortunately, there is no general theory for solving nonlinear
equations, and only in special casesisit possible to find an analytic solution for such equations.
Therefore, for now, we have to be satisfied with iteration and graphing to try to conduct analysis of
the long-term behavior for nonlinear equations. In another course you will see how calculus can help
with this analysis to determine the stability of equilibrium values and other properties of the long-
term behavior of solutionsto nonlinear difference equations.

Example 3 Experiment on Changing Behavior

Conduct an experiment on the difference equation

Uyt — (1 + 'r:”:'jﬂ - 'jfi:l:

with a, = 0.2 for four different values of parameter r,r = 1.9, 2.4, 2.55, and 2.7. Iterate for the

first 40 values, and produce alinearly connected graph for each of the four valuesof r. A
linearly connected graph contains straight line segments to connect the plotted points of the
sequence. Determineif it is possible to use the graphs produced to predict future values of a,

for values of n much larger than 40.

For r = 1.9, the graph of thefirst 40 iterations of EqQ. (3) isgiven in Figure 3. The graph
suggests that the solution of Eg. (3) is converging to a stable equilibrium value of about 0.65.

If this convergence continuesin the form of alimitas ,, _, ., future valuesof a, can be

predicted to be at or extremely near the equilibrium value.
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Figure 3 Graph of the iteration solution of Eq.(3) fo r=1.9.

For r = 2.4, the graph of the first 40 iterations of Eq. (3) isshown in Figure 4. The graph
shows that after a period of adjustment, the solution of Eq. (3) oscillates between two values
of approximately 0.42 and 0.82. Thiskind of oscillation is called a two-cycle. Once this
pattern is established in the solution, it is easy to predict future values of a,..

5

n

In
I I I I I I I I I I I I I I I I I I I -

g

Figure 4 Graph of theiteration solution of Eq.(3) for=2.4.

For r = 2.55, the graph of the first 40 iterations of Eq. (3) isshown in Figure 5. This graph
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shows asimilar pattern as that for r = 2.4, except the oscillations repeat over four values. This
kind of patterned oscillation is called a four-cycle. Once again, future values of a,, can be

predicted quite easily because of this repeating pattern. The act of splitting from asingle,
stable equilibrium to atwo-cycle and from atwo-cycle to afour- cycleis called bifurcation.

n

rrrrrrrrrrrrrrr1rrrrrrrrrrrrrhrr 11T+

5

Figure 5 Graph of theiteration solution of Eq.(3) fo r=2.55.

Some interesting questions arise about the overall behavior of solutionsto Eq. (3). For what
value of r does the solution change from approaching a stable equilibrium to a two-cycle? For
what value of r does the two-cycle change to afour-cycle? | s there athree-cycle or other
types of behavior between the two-cycle and the four- cycle?

Finally, for r = 2.7, the graph of the first 40 iterations of Eq. (3) isgivenin Figure 6. You
need to look carefully at this graph. It does not contain any of the predictable patterns of the
previous graphs of solutions. Absent of any pattern or repetition, the general long-term
behavior and specific values of a,, for large n are impossible to predict from the graph. Of

course, we only calculated 40 values of a,,. There may be repetition over alarger interval of

values of n. After performing this fourth calculation, we could ask more questions. Did the
solutions continue to bifurcate? What values of r produce an eight-cycle? Sixteen-cycle? Can
we be sure that r = 2.7 does not produce a cycle greater than 40, like a 64- cycle? These
guestions reveal some of the problems of this type of experimentation: We never really know
how far to calculate and look for patterns.
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Figure 6 Graph of the iteration solution of Eq.(3) for=2.7.

DEFINITION

Chaos isthe inherent unpredictability in the behavior of anatural system. More specifically, a
difference equation is called chaotic if its solutions depend sensitively on the initial conditions.

The solutions of Eq. (3) not only show a sensitive dependence on r, but they can also exhibit a
sensitive dependence on initial conditions, since asmall shift in a, causes abig alteration in

the long-term behavior and, therefore, unpredictability. Experiments showing the sensitive
dependence on a,, are contained in the exercises for this section. Sensitive dependence on r

and a, is an aspect of what has been called mathematical chaos. Although "chaos' has been in

the mathematical literature for some time, it was poorly understood; hardly anyone knew
about it or thought it worth studying. In recent decades, largely because of the computer, our
familiarity with chaos has increased. It has turned out to be surprisingly widespread, and our
knowledge of chaos is growing greatly. Many mathematicians and scientists are working in
thisfield to better understand chaos and the strange behavior often found in the solutions of
nonlinear difference equations. &
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Cobweb Graphs

Besides plotting the solution sequence, there is another graphical method that

enables direct visualization of iteration and equilibrium values. This graphing SPOTLIGHT
technique can be constructed with just the plot of afunction determined from the
difference equation and a straightedge or ruler. The resulting graph iscalled a Chaos

cobweb graph, or just cobweb. We will show an example first and then outline
the general algorithm for producing cobwebs.

Example 4 Cobweb Construction

Produce the cobweb graph for the linear, nonhomogeneous difference equation
tpp1 = —0.5cy + 4, with g = —4

Convert the difference equation into an equation of continuous variables by replacing ¢, 4 1
withy and ¢,, with x. This produces the equation

v = —0.5r 4+ 4.

Then, plot the two curves (linesin thiscase), y = x and y = -0.5x + 4, on the same set of
coordinate axes. Start the graphical iteration along the x-axisat X = ¢ = -4. Draw avertical
line from the initial value x = ¢ = -4 to the graph of y = -0.5x + 4. The point of intersection
will have heighty = ¢, =-0.5: + 4. (This produces ¢,.) From there, draw a horizontal lineto
the graph of y = x. Now we are at the point (¢4, ¢4). We draw the vertical line through this
point; it has the equation X = ¢4. Thus, it crosses the graph of y = -0.5x + 4 at a point of

height . Continue to aternate the drawing of horizontal lines (to y = x) and vertical lines (to
y =-0.5x + 4), always starting from where you left off. We can perform this graphical
iteration as long as the size of the plots alows. The cobweb for ¢4 1=-0.5;,, + 4 starting
with ¢4 =-4ispresented in Figure 7.

Notice that the cobweb in Figure 7 tends toward the equilibrium value of q = 2.66. Thisisthe
kind of behavior we expect when the equilibrium value is stable. &
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Cobweb Graphs
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Figure 7 Cobweb graph for Eq. (4).

1.7 First-Order Nonlinear Difference Equations | -] | Be-

http://www.webpearl s.com/products/demos/pap/comap/chapter1/sec7/noded.html (2 of 2)3/14/2007 3:18:19 PM



Producing Cobwebs

Principles and Practice of Mathematics

1. CHANGE

1.7 First-Order Nonlinear Difference Equations | -] | Be-

Producing Cobwebs
The general algorithm to produce a cobweb graph for a difference equation is as follows:

1. Plot the graph of the difference equation and that of y = x on a set of coordinate axes.

2. Draw avertical line from the initial value on the x-axis to the graph of the difference equation.
3. Draw ahorizontal line from the point on the graph of the difference equation to the liney = x.
4. Draw avertical line from the point on the line y = x to the graph of the difference equation.

5. Continue steps 3 and 4 until you have achieved the insight you want about the process.

The most important insight we want from a cobweb concerns how the iterated values vary in relation
to the equilibrium. The equilibrium can be located where y = x crosses the graph of the difference
eguation. To seethis, consider Example 4 and suppose (g, ) isthe point where y=x crosses y=-0.5 x
+4. Sincey standsfor ¢,,; 1 and x standsfor ¢,,, at the crossing point we have

Cwmt1 - —D.ECH +"'1',

Cwmt1 — Cowp — I

However, thisiswhat it means for g to be an equilibrium value for the difference equation.
Summarizing, the x- (or y-) coordinate of any crossing of y = x with the graph of the difference
eguation is an equilibrium of the difference equation.

Example 5 Cobwebs for Experiment
Draw the cobweb graphs for the difference equation Eq. (3) from Example 3
Unt1 — (1 + 'r:”:'jﬂ - 'jfi:l:
with 5= 0.2, for these four different values of r:

roo= 1.0,2.4 255 2.7,

The cobweb graph for Eg. (3) showing the cobweb structure of an inward spiral for the stable
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| equilibrium produced when r = 1.9 is shown in Figure 8.

i =X
ar 4

l ? ¥ ez ake?)

i1 7

Figure 8 Graph of the cobweb graph of Eq.(3) for r = 1.9.

The cobweb graph for Eg. (3) showing the cobweb structure for atwo-cyclewhenr =24 is
shown in Figure 9. Notice that the boxlike shape is retraced over and over again.

Y
08 T =
i / Fy=3 i)
[y I
I I I I I I I I I I I I I :{
5 1.0

Figure 9 Graph of the cobweb graph of Eq.(3) for r = 2.4.

The cobweb graph for Eg. (3) showing the cobweb structure for afour-cyclewhenr =2.55is
shown in Figure 10. In this case, two boxlike structures are retraced repeatedly.
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Figure 10 Graph of the cobweb graph of Eq.(3) for r = 2.55.

The cobweb graph for Eg. (3) showing the complete lack of a pattern or structure produced by
chaoswhenr = 2.7 isshown in Figure 11. If the graphical iteration for the cobweb were
continued, it could completely fill in the boxlike region around the curve in the first quadrant.

F
¥
A
09 - - Ty = x
| fHiE
1 1
T \.ﬁ y= 3.7 peexd)
01
I 1 I I I I I I 1 I 1 I I I *
08 10

Figure 11 Graph of the cobweb graph of Eq.(3) forr = 2.7.

Example 6 Spread of a Contagious Disease
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Disease Recall Example 2 of Section 1.4, where the spread of contagious disease was
modeled by a difference equation. The general scenario involved atotal of 400 studentsin a
dormitory, with ¢, studentsinfected with the flu. If al the students are susceptible and the
possible interaction of infected and susceptible studentsis proportional (with constant k) to
the product of infected and susceptible students, amoddl is 1,, 117 1,1 £1,(400- ¢,).

If 2 students return from aweekend trip having just contracted a strain of flu that is
contagious for two weeks, and the rate of spreading per day of thisstrain of fluis
characterized by k = 0.002, how many of the 400 students will contract the flu over the next
two weeks?

Substitution of k = 0.002 produces the difference equation
Tpt1 = 1+ 0.002¢,(400 —¢,), with g = 2. ¥

Equation (5) isiterated 14 times to produce the population of infected students for each day of
the two-week period. These values produce the graph of flu-infected students given in Figure
12.

&

Figure 12 Connected graph of the iterated solution of Eq.(5).

As seen on this graph, by the 14th day, all 400 students have contracted the flu. Of course, at
that time the first two students with the flu are no longer contagious. A related equation can
be derived for the recovery model.

We should point out some of the limitations in our model for infected students. In redlity, ¢,
can only be a nonnegative integer, but the values produced by iteration of our model are not
al integers. Also, convergence to the equilibrium of the model actually takes infinitely many
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steps, not 14. However, by n =14, 1,4 = 399.6, which for this application is practically
400. The truth is that for this application we have a "rounded-off" version of this model in the
back of our mind. We could change the model so that after each step of the iteration, we
round off ¢, toitsnearest integer. The effect of this modification to the model isinvestigated
In an exercise at the end of this section.

The cobweb graph for iteration of Eq. (5) provides visualization of the solution's approach to
the equilibrium value of 400. This cobweb graphisgivenin Figure 13. &

y oy
’ i
400 -
] / = 3+ OO0 (400 — )
vl /
40
n
I I I I I I I I I 1 1 1 1 1
400

Figure 13 Cobweb of Eq.(5), showing the convergence to the equilibrium of ¢, = 400.
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Most of our discussion thus far has been restricted to a single difference equation

containing only one dependent variable. Many problems involve more than one SPOTLIGHT
dependent quantity with more than one relationship existing between these

quantities. Some of these problems can be modeled by a system of two or more M athematics
difference equations. To ensure that such models are solvable, we need the same at Work:
number of equations as dependent variables. Tom Black

Example 1 Rental Cars

Consider asmall rental car firm that operates on an island containing two cities, A and B. The
firm has only two agencies, one in each of the two cities. Each day, 10% of the available cars
of the agency in city A are dropped off at city B by the customers. Also, each day, 12% of the
available cars from city B end up in city A. If welet «,, represent the number of rental cars
available at city A onday n, and j,, represent the number of rental cars available at city B on
day n, then the following system of two difference equations can be used to model this
scenario:

Opt1 = 000, + 0.128,, [la)
0.1ay, + 0.888,. [(1F)

IE'ﬂ+1

The major concerns of the agency are to maintain the required minimum numbers of cars at
both locations and to reduce the cost of shuffling cars between the two locations. Initialy,
there are 120 rental carsin city A and 150 rental carsin city B. Setting q5=120and § =
150, we iterate Egs. (1a) and (1b) to find the number of carsin both cities for the future days.
Using Eq. (1a), we calculate

a1 = D.QC[D+ D].EEJD
0.9(120) + 0.12(150]
= 108 +18 = 126.

Using Eq. (1b), we calculate
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E'j_ = |:|1CI|:|+|:|EBI5|:|
0.1(120) + 0.88(150)
= 12 4132 = 144,

Once we have found both 4 and §,, we can continue the iteration to calculate 5 and j, as
follows:

dz = U.gﬂj + DlEE';[
= 0.9(126) + 0.12(144) = 130.68,

{13 = |:|.1IZI1 +DBBI51
= 0.1(126) + 0.88(144) = 139.32.

In this problem, we must realize that decimal parts of cars are not realistic and that the
percentages given were estimates for planning. At some point in our calculations and analysis,
we need to round our approximate values for ¢,, and ,, to whole numbers to represent the
numbers of cars at the two cities. We can continue the iteration in this manner indefinitely.
However, in order to obtain e, 4.1 Or 4, 4, Wwe must have already iterated both equations to
know g, and j,.. In other words, both equations must be iterated, even if we are interested in
values for only one of the dependent variables.

The model given by Egs. (1a) and (1b) can be classified asa 7 » 2 linear system of first-
order, homogeneous difference equations. The "7 3" represents the number of equations
and number of dependent variables, called components of the system. The system is linear
since both equations are linear. Similarly, both equations are first-order and homogenous. One
way to graph the solution to a system of difference equationsisto overlay the graphs of all

the components of the system on the same coordinate axes. For this example we can find the
first seven valuesfor «,, and §,, using Eq. (1) by continued iteration and then plot the first
seven values of both sequences. The resulting graph of this system using linearly connected
graphs for both components (¢,, and §,,) is shownin Figure 1.
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180

CaAare

Figure 1 Graph of the solution (components «,, and §,.) for Eq.(1).

We can determine from the iteration of the model for rental car movement on the island for
the first week that - =142 and } = 128. In order to prevent the agency in city A from
holding too large a share of the company's cars, the company currently has 22 cars moved
each week from city A to city B. Therefore, theinitial conditions are reinitialized every seven
days. Since this shuffling of carsis expensive, we can use analysis of the model to help the
company explore other options in their schedule to move cars between the cities.

We can iterate further to see the two-week (n = 14) and one-month (n = 30) information
produced by continued use of the model without reshuffling cars. The results are

014 - 1"1‘5, 611- = 124, dag — 1‘1‘?, El.l'ld
IE'E.D — 1%23.

Since this system seems to approach acceptable limit valuesfor 4,, and §,. of 147 and 123,
respectively, there seemsto be no need to reshuffle cars and the company can eliminate the
reshuffling and save the costs associated with that operation. The numbers of cars at the two
locations is an equilibrium that is acceptable to the company's operation.

Once again, we see the utility of iteration and graphing. However, it is still desirable to find a
general method to determine the analytic solution to systems of linear difference equations. A
genera theory that enables analytic solutions to be computed does exist, but that theory uses
results from the subject of matrix algebra, which we present in alater chapter. Therefore, we
will not devel op the method to calculate analytic solutions now. Be sure to learn about the
powerful methods of matrix algebra when the opportunity presents itself.
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To show how useful analytic solutions can be, we give the analytic solution to the system in
Egs. (1a) and (1b) with the given initial conditions, 5= 120 and §, = 150:

gy, f —27.3(0.78)7 4 147.3, (Za)
by, ms 2T.3(0.78)7 4 122.7. [Zh)

The approximately equal sign =4 is used because the numbers in the functions have been
rounded off to one or two decimal points. We can verify that these two functions Egs. (2a)
and (2b) are solutions to Egs. (1a) and (1b) by showing equality when the functions are
directly substituted into the equations.

We can use the analytic solution, functions Egs. (2a) and (2b) to understand the long-term
behavior of the model and to determine directly values of the components for large values of
n. For instance, «4qn & -27.2(0.78)100 + 147.3 g 147.3. Without the formulafor the
analytic solution given in Eqg. (2a), we would have to perform 100 iterations of Egs. (1a) and
(1b) tofind 44. Such calculations would be tedious and would definitely require the use of
acomputer or calculator. From Egs. (2a) and (2b), we also see explicitly what happensto ,,
and {,, asn grows very large. Since the exponential part of the solution [ i, 75 )™ becomes
smaller and smaller as n increases, eventually becoming very close to 0, this part of Egs. (2a)
and (2b) can be ignored when analyzing long-term behavior. Therefore, as we expected from
the results of iteration, we know now that both ., and §,, approach the constant part of Eq.
(2a) and Eqg. (2b), 147.3 and 122.7, respectively. These values are the equilibrium values of
the system. Analytic solutions with the base of exponential terms less than 1 in absolute value
eventually decay and approach 0. This makes this equilibrium value stable. Thisis one of the
key factorsin determining long-term behavior for linear systems. &

Now, let'slook at a 7 = 2 system of nonlinear difference equations. Recall the scenario involving
competing species from Section 1.4. The presence of a competing species diminishes the growth rate
of the populations of both species. When the decrease of the growth rates is proportional to the
product of the populations of the two species, the following nonlinear system is used to model the
change in the populations ¢,, and p,, at time period n:

Cndl — Cn+-&1'3n_-{:3':ﬂpﬂ: |:3EL:|
pn+1 — Pr + -&Epn - -&&cnpn- (Sb]

Thevaluesof [y, k. Fa and |, arepositive constants that represent the growth rates and rates of
competition between the two species.

Once again, the techniques of iteration and graphing are directly available to analyze and solve
nonlinear systems of difference equations, just aswe did in Example 1 for a system of linear
eguations. However, because the equations are nonlinear, there is no general method to determine
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analytic solutions for nonlinear systems.

Example 2 Competing Species
If ,=0.005, (,=0.01, },=0.000005, k,=0.000012, ;5=6000, and po= 5000, iterate
Eq. (3a) to find the populations after the first two time periods. The calculations are as
follows:
¢c1 = o+ kico— kacopo
= G000 4 0.005(6000) — 0.000005(6000)(5000)
= h5&&0,
r1 = po+ Eapo — kacobo
5000 4 0.01(5000) —0.000012(60007(5000]
464910,
cz = ¢1+ kacq — kacaps
= G000 4+ 0.005(5880) — 0.000005(5880)(4690)
= 57T71.5,
ra = p1t+ kaps— Eacipy
= 4690 4+ 0.01(4690) — 0.000012(5880)(4690)
= 4406.0.
A helpful and powerful computational tool, like a computer or programmable cal culator, can
continue the iteration and possibly produce a graph. The graph of both populations (g,, and
n,,) determined by Egs. (3a) and (3b) for the first 20 time periodsis shown in Figure 2.

EIO:C' -h'_'_b*_‘——‘——'—‘___‘_‘_'q_. Cﬂ
:\ F'ﬂ

I I I I I I I I I I I I I I I I I Ll |

Fapulatizne

Figure 2  Graph of theiterative solution for components ¢,, and p,, determined by Eq.(3).
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Calculations for iteration can become even more tedious and complicated as the number of
eguations and dependent variables increase. If the system is linear, the power of linear algebra
to determine an analytic solution (thisis covered in Chapter 3) helps analysis considerably.
However, asthe size of any type of system grows, the only recourse is to perform tremendous
numbers of iterations. This need for more large-scale iteration capacity is one of the primary
reasons we continue to develop larger, faster, and special kinds of supercomputers. Many of
the calculations performed on the large-scal e supercomputers involve iteration of large
systems. &

1.8 Systems of Difference Equations | | | >
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Complexity

We conclude this section with an example that gives ataste of the growth of

computational complexity as the size of the system increases. We tackle a SPOTLIGHT
problem that produces and requires iteration of a 3 x 3 system of first-order,
nonhomogeneous linear difference equations, | shot an
arrow into
Example 3 Car Rentals Revisited theair ... it
fell to earth |
The Island Rental Car Company has opened an agency at a third location know not
ontheidland. If ¢, representsthe number of rental cars at this new where.

location at day n, then the following 3 -« 3 systemisused to model the
change in location of the company's cars:

tnp1 = 0.80a, +0.086, +0.19, — 2, (4a)
boys = 0.09a, +0.785, = 0.06c,, — 1, (4b)
np1 = O.1lap +0.14b, 4+ 0.75¢,, — 1. (4c)

The last term of each equation -- -2, -1, and -1, respectively -- represents rental cars that leave
theisland on aferry boat. The presence of these constant terms makes the linear system
nonhomogeneous, as described in Section 1.5. Theinitial 270 cars are located so that ¢ =
100, f5 =90, and ¢ = 80. To find the values of the 3 components over the first week (7
days) requires iteration of 21 equations (7 each of Egs. (4a), (4b), and (4c)). The graph of the
values of the three components (g ,,, #,,, and ¢,,) over thefirst week is shown in Figure 3.
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Complexity

Care

Figure 3 Graph of three components of Eq.(4).

It isinteresting to see how many computations it takes to keep track of car movement for a
year using thismodel. If we count three multiplications and four additions (or subtractions) in
each equation, then each iteration of one equation uses seven arithmetic operations. There are
3 equations and 365 iterations of the system (one for each day of the year). This produces a
total of 7665 operations. Problems this size definitely require a computer or calculator. Some
large-scale problems require millions or billions of operations to perform the iterations
necessary to fully analyze and solve the problem. Y ou will encounter more about
computational complexity later in thistext. a

1.8 Systems of Difference Equations | | | 4
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Sometimes the terms of a sequence need to be summed to form a new sequence. For instance, if the
origina sequence gives the amount of rainfall in the city per month, then successively adding the
terms of the original sequence produces the cumulative rainfall through the months of the year.
Similarly, a sequence of the numbers of seatsin the rows of stands of a stadium starting from the
bottom is summed to produce the cumulative seat total for all rows up to and including the given row
number. The new sequences formed in this manner are called sequences of partial sums.

Example 1 Money in the Bank

Y ou open a savings account and over the first 10 months you deposit and earn interest in the
following amounts (in dollars): {25, 75, 30, 40, 27, 100, 43, 75, 80, 125}. Then the following
partial sums represent a sequence of the cumulative amounts in the account (in dollars) for the
first 10 months: {25, 100, 130, 170, 197, 297, 340, 415, 495, 620}. &

We denote the sequence of partial sums of a sequence ¢ ,, asthe new sequence :,, and write

bl

S = E O = a1 +az + ...+ ay,
k=1

with the lower index (k = 1) indicating where to start the sum, and the upper index (k=n) indicating
when to stop summing. In algorithm form, this partial summation is as follows:

Input: upper index n and formula or valuesfor g,
Output:  sequence of partial sums of [ sz | fork=1ton

s[o] +10
for k from1l to n,
s[k] s[k — 1] + a[£]
end for
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Algorithm  Algorithm for Producing the Partial Sums

The Z symbol (called sigma) represents the summation operator just like the ,», (delta) symbol
represented the difference operator in Sections 1.2 and 1.3. Later, we will also consider the infinite
Sum or series

Zcrk = a1+ a4+ az+...+a,+....

For example,

i =1+ 7 S (1)
. 3 4

Example 2 Special Sum

We write the sequence of partial sumsfor thesequence {1, 1/2,1/3,1/4,...}as

o1
Sy = —.
2.5

Then the sequence :,, startslikethis:

1 = 1,
1 3
- 14+-=2
%2 tyT o
1 1 11
2y = 1+1+2+§—?,

and soon. &
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Determining Area Using Sums

One useful application of partial sumsis the determination of area. If we graph a sequence by filling
in a constant value over theinterval n-1to nfor .., then instead of the graph of «,, being a set of
points, the graph of the sequence «,, l0oks like stair steps.

Example 3 Graph of 1/n

Graph ¢,, = 1/nforn=1, 2, ..., 8 using piecewise-constant values to the Ift of n to
represent the sequence as a function from 0 to 8. This graph is shown in Figure 1.

Figure 1  Graph of 1/n using piecewise-constant values.

In order to compute the area between the horizontal axis and the graph of a sequence plotted
in this manner, we ssimply add the area of the rectangles whose tops are the stair steps (see
Figure2). &
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.I

Figure 2 Shaded region under the graph of 1/n.

Example 4 Area Under 1/n
Find the area of the shaded region on the graph of the sequence «,, = 1/nin Figure 2.

The rectangles are 1/n units high and 1 unit wide; the total area of these eight rectanglesisthe

partial sum
3
sLo_ gl i1l
—n 23 4 5
+1+1+1_T61
6 T 8 280

Example 5 Area of Paper Strips

If you need to cut strips of paper 1 inch wide with lengths set at increments of 1 inch, starting
at 1 inchlong and ending at 10 inches long, what is the total amount of paper needed? The
area of the paper is ssimply the sum of the area of 10 rectangles, or

In Section 1.2, Example 2, we determined the formulafor the sum of the first nintegersto be
(n)(n + 1)/2; therefore, these 10 strips of paper use (10)(11)/2 = 55 square inches of paper. a

Example 6 Car Trip
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While your family is on acar trip, you record your family's average speed (in miles per hour)

during each hour. Thisreading is easy to determine since it isjust the distance traveled during
each hour. The sequence of average speeds recorded for your trip is w,, = {30, 49, 55, 23, 32

}. Using the summation operator, the distance traveled in k hoursis

)
de = Z 4y
n=1

Therefore, the new sequence of cumulative distances traveled by your family over k hoursis
dr = {30,79,134, 157, 183} These distances can be converted to the odometer readings
of the car by knowing the initial odometer reading. If the odometer read 22,322 at the
beginning of the trip, then the sequence of odometer readings at each hour mwas

om = {22,322; 22, 352; 22, 401; 22, 456; 22, 479; 22, 5111

Here, o,., representsthe reading after m- 1 hours. &

Notice that Example 6 involves the same data and a similar scenario as Example 4 in Section 1.2,
except that the sequence given in one example must be determined in the other, and vice versa. In
Example 4, Section 1.2, the odometer readings were recorded and the average speeds were
determined by the difference operator. In the current example the average speeds were recorded and
the odometer readings were determined using the summation operator. In this sense, the difference
operator and the summation operator are reverse operations of one another. One operator undoes
what the other does. We generalize this relationship in the following theorem, the sum of a difference
theorem.

Theorem 1. If Ava,, = tpp1 — iy then

Z Sy, = Hag+ Sos 4 e+ Aag—g

— O — d4.
Proof. Substituting for /¢, with differences [a,,41 — a,, ] gives

k-1
Z Sayn = [ay —ag) +(aa —az) + (oe — s

n=1

Hlop_1 — dr—z) + log — ag—_1).
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In this sum, the ¢, cancelswith the — g, and the g4 cancelswith the — ¢ 4, etc. After al the
cancellations are completed, only ¢, and —¢ 4 remain. Therefore,

-1
E Mg, = dp — 0.
n=—1

Geometrically, this theorem means that the area between the stair-step graph of » «r,, and the
horizontal axis over theinterval 0 to kis equal to the total change in the sequence ¢ ,, from the first
termto the kthterm [z — o4 ). Inorder for thisto hold for all sequences, we need to discuss what
we mean by areawhen /¢, is negative. For this case, the areas of the rectangles that are below the
axis are subtracted from the areas of the rectangles above the axis. In other words, these areas are
given asign of + or - depending on whether they are above or below the horizontal axis. Therefore, if
thereismore areaof /¢, below the axis, the result of the summation would be a negative number
and g <2 a4. This"signed ared' concept is depicted in Figure 3 of Example 7. In this example the
sum of the first six termsis negative. Thisindicates that there is more area below the axis (darker
shading) than above the axis (lighter shading) in Figure 3.

b,

Figure 3 Zi_i h,, represented graphically by areas above and below the axis.

Example 7 Area Above and Below the Axis

Giventhesequence {4, 1= {—2, —1,1, 2, —1, —2, ...}, we can represent the sum of the
first six terms Zi_i b, = —2—141+2—1— 2=-3onthegraphinFigure 3.

The sum Zi_ ) h,, is represented graphically as the area above the axis (lighter shading,
positive area = 3) minus the area below the axis (darker shading, negative area = 6).
Therefore, Zi_i b,=3—6=—3a

Using the result of Theorem 1, we can find ,, whenever we are given the sequence /4« ,, and the
first term 5.

Example 8 Determining g,, from A,
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Determining Area Using Sums

Find o, given Ag,,={—1,1,3,5,7, 9} Using Theorem 1,

k-1
0 = a1+ Z&an.
n=1
Therefore,
o = ﬂ1+ﬂ.ﬂ1:ﬂ1—1,
) = ﬂ1+ﬂ.ﬂ1+ﬂﬂg:ﬂ1—l+1:ﬂ1.

Similarly, the other terms of ,, can be calculated in terms of «, to obtain ¢, =

fag, 01— 1, 01,014+ 3,01+ 8, a1+ 15, ay + 24} Therefore, we need to know 4 to
determine the values of g, explicitly. If gy = 0, then a,, = {0, —1,10, 3, 8, 15, 24}
Notice how this example compares with Example 1, in Section 1.3, where the same sequences
were used but the unknown sequence /. ,, was determined from ¢ ,,. &

Example 9 Oscillating Sequences

Given the following sequence of velocities 2, 4,. =
{1,0,-1,-1,0,1,1,0,-1,-1,0,1, ...} find 4,,if 4, = (and graph the two
sequences /¢, and .. Notice how # f,. oscillatesin a predictable pattern. Using
Theorem 1, one can perform the following summation calculations:

Clrg = ﬂr1+ﬂ.ﬂr1:1,
Clrg. = ﬂr1+ﬂﬂrj+.ﬂﬂrg:1,
Cqu- = ﬂr1+ﬂﬂr1+ﬁ.ﬂrg+.ﬂﬂr3:|:|, et

These calculations can be continued to produce the sequence
dn,=140,1,1,0,-1,-1,0,1,1,0,—-1,-1,0,...}.

The graphs of these two oscillating functions with the points representing the sequence
connected by straight lines are provided in Figure 4.

The two sequences and their graphs are very similar. The sequence for . isjust shifted two
termsto theright of 4 4,.. Sometimes, asin this case, the relationship between &, and 4,
IS easy to discern. a
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Determining Area Using Sums

thy, &l

Figure 4 Graphsof f, and M 4,..
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Difference of a Sum
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1. CHANGE

Difference of a Sum

In Theorem 1, the order of the operationsisimportant. The first difference

operation of the sequence is performed first, and the summation operation is SPOTLIGHT
performed second. We now investigate what happens when that order is reversed.
What is Fractal
Shapes
b
&[E akjn:i,ﬂ,a,...?
k=1

Asweletn=1,2, 3, ...inthe summation, the sequence &, {aq, a1 + az, a1 + az + as,
a1+ a3 + as + aa, ]- Is produced. Performing the difference operation produces

L]

ﬁiz Okln=123.. %7 = Jlag+az)—lag),[a1+az 4+ az)
k=1
—(oy 4+ ag), (a1 + a2 + oz + o4

—|:Cf1 + oo + CIE.], }
= 02,03, 04, uy Tpte

Notice that the (4 termislost through the performance of the two operations. However, we see once
again that the two operations 4, and Z reverse one another.
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Series

What if we add all the terms of an infinite sequence? For example, if o, = 1/r, then we get Eq. (1).
For another example, if gz = 1/k% then

1
. ;tgte (2)

Such an infinite sum is called an infinite series, or just a series.

On first glance, it might seem that such a sum is either meaningless or perhaps . Remarkably,
sometimes a series adds to afinite number. We define the sum of an infinite series through the partial

sSums

"
LO— E Ok
k=1

DEFINITION

Givena
seguence
fay, b if the
sequence of
partial sums

"
L— E Ok
k=1

convergesto
alimit value
v, then the

e shall investigate the convergence of Egs. (1) and (2) numericaly in a
moment, but first let's think about it without particular numbers.

One condition necessary for a series to converge is that the sequence of the terms
of the series must converge to zero. If this does not happen, there is no hope of
their sum converging. Even this condition is not sufficient to guarantee
convergence. As we add more and more terms, even if the new terms to be added
are converging to 0O, there are also ever more of them. Convergence or divergence
[depends on which of these conflicting processes dominates the other, the ever-
smaller sizes of the terms or the ever-greater number of them.

Let'slook at two similar seriesin order to get ataste of the subtlety of this
fconflict. First, consider the series
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Series

infinite series

NE
3'9.-"||—"

(m

s
I
[

—1 and its partial sum

issaid to m1
converge to S = Z T
(sumto) v. k=1

Wesaw in Example 1 that 55 = 11/6. Some other partial sums are

510 73 2.92896, 5900 A 5.18T3T, 51000 & T.48546, and 510 aop &2 9.787E0. Now, consider
asimilar series

o1

and its partial sum

]

1
tn = —.
25

Some of thevaluesof ¢, are ty = 4936, 15 ae 1.54876, t100 & 1.63498,

tipoo R 1.64393 and {10 poo & 1.64453. The question is whether these two partial sums (s,
and t,,) converge to a specific value or keep growing and therefore diverge. The graphs of :,, and
t..forn=1,2, .., 100 are shown in Figure 5. Unfortunately, graphs of sequences for finite values of
n do not reveal any definite information about the convergence or divergence of sequences.

Inthiscase, :,, divergesand t,, converges. These amazing results are usually proved in calculus
COUrses.
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Series

Figure 5 Graphsof :, and t,,(n=1, 2, ..., 100).
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Geometric Series

Consider the first-order, linear difference equation 41 = a,, + r™, Where g5 = Qandrisany
real number. We seethrough iterationthat o, = 0 4++° = L a; =14+ rL ga =14 r + ¢4
and g, = 1 4 r + r* 4 r? etc. Theterms of this sequence can aso be represented in summation
notation. We see, for instance, that

3
g = ®
k=0
and, in generdl,
n—1
Oy = E .
k=0

It turns out that this difference equation and, therefore, this summation have an analytic solution of
theform

——(Tn_lj if r
ﬂ”_(f.r'—ljl’f # 1. (3]

Verifying that this function satisfies the given difference equation is left as an exercise.

The infinite series produced by this summation,

Is called the geometric series. Analysis of the sequence of partial sums for this series, represented by
the solution a,, = ([*™ — 1]f(r — 1]) revedsthatwhenr <1, lim,,_, ., v = 0, andthe
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Geometric Series

series convergesto -1/(r - 1). Thisis often written asif |r| < 1, then

Thevalue of r isusually called the common ratio.

Example 10 Geometric Series forr = 1/2

Whenr = 1/2, the difference equation a,,1 1 = a, 4+ [1/2)™ ag = 0, isequivaent to

Since the solution is known from the above discussion, we can find

9
1
d1o0 = Z(ijk
k=0

to be equal to ((1/2)10 - 1)/(1/2 - 1) = 1.998. Similarly, we can eval uate the geometric series:

Example 11 Series with Hidden Geometric Series

The series Z;’”ﬂ_ 63 /4)%—* may not immediately look likeit fits the form of the
geometric series. The sum of the first few terms can be evaluated as {8 + 6 + (9/2) + (27/8)
+...}. However, we can rewrite this series by separating out the first term, factoring out a 6,
and establishing a new index to obtain 8 + BE;:':D[EH]”*. Then we can evaluate this series
using Eq. (4) withr = (3/4) toobtain 8 + 6] 1/(1 - (3/4))] =8+ 6(4) = 32. &
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1.10 Transition to Calculus | - | -

We have spent this chapter studying functions of a discrete variable. Sequences are one form of such
functions, with their domain being the discrete set of positive (or nonnegative) integers. We saw that
sequences were graphed by plotting the points formed from the set of ordered pairs (n, «,,). At
times, wefilled in the intervals (values for al the real numbers) between points with constant values
or connected these points with straight lines to form connected graphs.

In this section, we study and analyze functions of a continuous variable, specifically functions with
domains consisting of intervals of real numbers. No longer are we confined to the domain of positive
integers. We often denote such functions by a single letter such asf, reserving the notation f(x) for
the value that the function assigns to the domain value x.

For example, f might denote the function that adds 2 to a number. Then f(3) = 5 and, in general, f(x)
= X + 2. However, mathematical usage is sometimes as informal as ordinary English, and we often
use the notation f(x) to refer to the function, that is the rule (in this case, aformula) that assigns
output values to various input values of x. We can use other letters or even words to denote the
function and the variable besides f and x. It is usually advisable to use letters or names that connote
the use of the function and variable in the problem being solved. Sometimes, sequences and general
functions of discrete variables are written using this notation. For example, throughout this chapter,
we could have used a(n) instead of ,, to denote sequences.

The graph of f(x) still consists of points formed by the ordered pairs of the form (x, f(x)). However,
because the x-values come from an interval of real numbers, the graph becomes a "filled-in" curve
instead of just discrete points.

Example 1 Graphing Functions

We graph the two functions f(x) = 3x + 1and g(X) = g #- 1 over theinterval —4 <] ¢ < 4.
The graphs of these two functions are shown together on the same coordinate axes for the

given interval in Figure 1. Notice that the curves on the graph for both functions are filled in.
A

http://www.webpearls.com/products/demos/pap/comap/chapter 1/sec10/nodel.html (1 of 3)3/14/2007 3:19:20 PM



SECTION 1.10 Transition to Calculus
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Figure 1  Graphs of the functions f(x) and g(x).

Our goalsin this section are to analyze functions and determine the behavior of graphs of functions
of real variablesjust as we did for sequences. For this purpose, we will use the familiar operations of
the difference operator , and the summation operator E to analyze functions, just as we used these
operations to analyze sequences. Recall from Sections 1.2 and 1.3 that the difference operator
determined slope by treating sequences as if the points of the graph of the sequence were connected
with straight lines.

Let's see how well a sequence can approximate a function by comparing piecewise-linear (or linearly
connected) graphs of sequence to graphs of functions.

Example 2 Comparing Graphs of Functions and Sequences

Compare the graphs of the quadratic function f(x) = = - 6x + 7 with the piecewise-linear
graph of its correspondl ng sequence. Note that for a quadratic, there are discrepancies
between f(x) = £2- 6x+ 7inthedomain 1 <] x <] 6 and the piecewise-linear graph of the
first sixtermsof {g,,} = {n? — fn + 'T]. as shown on the plot of these two functionsin
Figure2. &
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Ti) 2

Figure 2 Graphsof f(x) and {u,, k.

Of course, agraph of alinear function of the form f(xX) = mx + b isidentical to the piecewise-linear
graph of the sequence ¢,, = mn + b over the same domain.

1.10 Transition to Calculus | -+ | -
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Difference Tables

While there are several obvious differences in these two graphs, in many ways the piecewise-linear
graph of ¢ ., where the discrete points on the graph are connected by straight lines in a piecewise
fashion, seems to be a good approximation to f(x). Since we already know how to analyze and
determine properties of the sequence ., using differences and summation, we use this same analysis
to approximate the properties of f(x). In particular, Table 1, adifference table for «,.,, can be thought
of as an analytic tool to approximate the properties of f(x). The annotations on Table 1 provide the
sope and concavity analysisfor « .. Table 1 aso reflects notation appropriate for f(x) by following
the same formulas asthose for g,, inthat A f{r] = fir + 1) — f{r)and

A flz) = flz +2) —2f(z — 1) + f(z)

From the datain Table 1, we determine that sequence ¢ ,, has arelative minimum at n = 3 and no
inflection points over the interval. The properties of slope, concavity, relative extrema, and inflection
pointsfor «,, are approximations for these same properties of f(x). Therefore, from this analysiswe
conjecturethat 2 - 6x + 7 hasaminimum near x = 3, decreases for 0 < x < 3, increases for 3 < x <
6, and is concave up over theinterval 0 < x < 6. The closer the piecewise-linear graph of g,
approximates f(x), the better the properties of . match those of f(x).

Table 1 A Difference Tablefor ..
norx a,orf(x) Aa,or Afle) Afa,or A2 f(r)

1 2 -3 decreasing 2 concave up
2 -1 -1 decreasing 2 concave up
3 -2 1 increasing 2 concave up
4 -1 3 increasing 2 concave up
5 2 5 increasing

6 7
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Difference Tables
Example 3 Analyzing a Fourth-Degree Polynomial

Compare the graph of the fourth-degree polynomial g(x) = 0.6¢% - 11.8¢ ® + 82.95¢ % - 249.9x
+ 275 with its corresponding sequence. The plots of these two functions, one continuous g(x)
and one discrete { ., }, on the same axes showing some of the mgjor differences are givenin
Figure 3. In Example 2, the relative minimum of the function and sequence occur at the same
location. Thisis not aways the case, as this example and the exercise problems will show.
The discrete function {4, } completely misses the local minimum of g, near x = 3.5 and the
local maximum of g, near x=4.3. &

g, by

100

i~

a0

25

Figure 3  Graphsof g(x) and {4, .

1.10 Transition to Calculus | ] | B
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Determining Area

Another property of sequences investigated earlier in this chapter is the area of the region between
the piecewise-constant graph of the sequence and the horizontal axis. For this property, the sequence
was graphed by extending its values as constant in the interval s between the integers, and the

operation Z was used to sum the areas of rectangular regions. Just as we did for the other
properties, this area property for sequences can be used as an approximation for area under functions.

Example 4 Area Under the Curve

We approximate the area between the graph of the function f{r) = —z 24 97 4 15and
the x-axis over theinterval 0 < x < 5 using the piecewise-constant graph of its associated
sequence {ay, = {—n 24 9n 4 151 The plots of f(X) and { «, } and the region of interest
are shown on the graph in Figure 4.

flx)a,

L 5

=3 o

N

il |

.I

Figure 4 Graphsof f(x) and {u,, k.

The area covered by the rectangles approximates the area under the curve of f(x). The

http://www.webpearls.com/products/demos/pap/comap/chapter 1/sec10/node3.html (1 of 2)3/14/2007 3:19:24 PM



Determining Area

rectangles have awidth of 1 unit, with their heights determined by the first five terms of
fush (16, 15,12, 7, 0). Therefore, the approximate area between f(x) and the x-axis formed
by the rectanglesin the Figure 4 is

L
Zan = 16415 4+12 +7 = 50
m=1

square units. We could improve this estimate for the area by using more, but skinnier,
rectangles in the approximation. It is the subject of calculus that enables us to do exactly that.
Using calculus, we can calculate the area exactly through the use of what we might loosely
describe as an infinite number of rectangles and summing their areas through alimiting
process when the limit exists. &

1.10 Transition to Calculus | -] | -
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Finding Zeros of Functions

One important property of afunction that we have not discussed for a sequence is
the location of its zeros - that is, the values of x for which f(x) = 0. These values SPOTLIGHT
are also called the roots of the equation f(x) = 0. We use these two terms, "zeros"

and "roots," interchangeably. Thisis a standard question to raise whenever we Cars
analyze the behavior of afunction. Compute
Areas

Example 5 Resupply Model

Through experience and analysis, the manager of a storage facility has determined that the
function s(t) = -3t2 + 12t + 10 models the approximate amount of a product left in the
inventory of a storage facility after t days from the last resupply. We want to find when the
supply of this product will be exhausted and a new resupply needed.

To determine this, the facility manager must find the smallest positive root of s(t) or solve for
t when s(t) = 0. Root-finding techniques produce roots of -0.70801 and 4.70801 for s(t).
Therefore, the manager knows that a resupply of this product must be scheduled within 4.7
days of the previous resupply to prevent the inventory of the product from becoming
exhausted. How did those root-finding techniques work? Read on! &

Over the course of history, mathematicians have devoted considerable effort to devel oping
techniques for finding roots of functions. For some functions, the root-finding techniques are smple
and easy to use. Other functions seem to defy simple techniques and require great effort even to
approximate their roots. If the function islinear, f(x) = mx + b, we can solve directly for the root or x-
intercept, x = -b/m. If the function isa quadratic polynomia, fir)] = ar 24 br + o thenitstwo
roots are simply given by the quadratic formula

_ [—b £ /6% — dac)

A

I

Other formul as have been devised for finding the three roots of a cubic equation and the four roots of
aquartic equation, but it has been proven that no such general formula can exist for finding the roots
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Finding Zeros of Functions

of higher-degree polynomial equations. Moreover, we often face the problem of finding the roots of
equations involving functions that are not polynomials.

Suppose we start with afunction f(x) on an interval [a, b] such that f(a) and f(b) have opposite signs.
That is, the graph starts and ends on opposite sides of the x-axisaswe follow it fromx=atox=Dh.
Further, we will require that the function f(x) be continuous on the interval; that is, its graph can be
drawn with no breaks or jumps. Otherwise, it is a discontinuous function. For a discontinuous
function, the graph of the function can ssmply "jump" across the x-axis, and no root exists. Figure 5
shows a continuous function with aroot in the interval shown and a discontinuous function that
jumps over the x-axis and, therefore, has no root in the interval.

¥

A

\ DiEcentinuous
- 1_'—-.

Continuous] —"

Figure 5 Graphs of a continuous function and of a discontinuous function.

Thus, if f(X) is a continuous function on the interval [a, b] such that f(a) and f(b) have opposite signs,
then there must be at least one point r within thisinterval, x = r, where the graph crosses the x- axis.
Therefore, f(r) = 0, which means f(x) hasaroot at r. Thisfact is guaranteed by a property of
continuous functions.

This property, which islittle more than arephrasing of the definition of

DEFINITION ooy nuity, ensures that a continuous function assumes all intermediate values on
Suppose a any b_ounded, closed inter_val . In particular, if f(x) is ppsitive at one point and
T |negat|ve at another, then it must assume the intermediate value y = 0 somewhere
Funct inthat interval. That is, it must have at least one real root.

unction f(X)
is defined on _ _ _ _
aclosad and Suppose f(X) is a continuous function on the interval [a, b], where f(a) and f(b)

have opposite signs. The bisection method for approximating aroot in this

bounded . : . : . M .
interval is based on the ideathat if we find the midpoint m of the interval [a, b],
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interval [a, c], [then aroot must occur either in the left half-interval [a, m] or in the right half-
whereu = f interval [m, b]. If we can find out which, we then bisect the new half-interval at
(@ andw=f kmn,andsogenerate an interval one-quarter the size of the original interval. This
(c). If visany |procedure can be continued indefinitely to produce a sequence of ever-smaller
value subintervals, each containing aroot. Eventually, the endpoints of the subinterval
between u Iwill be close enough to produce the desired accuracy for the location of the root.
and w, then The geometry of two steps of the bisection method is sketched in Figure 6.
there will be
at least one i)
point b
between a
and c where f
(b) =v. This
is called the
intermediate
value

property.

In
r

[

Raoot betawesn mand ny

Figure 6  Graphic description of two steps of the bisection method.

Example 6 Root Finding

Wefindarootof fir) = r8/® — p2/* _ 1 — . Thegraph of f(x) intheinterval 0 < x
< SisshowninFigure 7.
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f{x)

Figure 7 Graphof psf2 _ n2f3 _ 4.

To apply the bisection method, we start with an initial interval where the function changes
sign. If we examine the graph of this function, we see that such an interval is[a, b] =[1, 2],
since f(a) = f(1) = -1 and f(b) = f(2) = 0.59. Consequently, the first midpoint is m ; = 1.5,
where f(1.5) = -0.3448. Thus, we conclude that a root must be between x = 1.5 (where f(1.5) is
negative) and x = 2 (where f(2) is positive). We then bisect the subinterval [1.5, 2] at m 5 =
1.75 and find that f(1.75) = 0.0891. Consequently, we conclude that aroot is between x = 1.5
(where f(1.5) is negative) and x = 1.75 (where f(1.75) is positive). We summarize the results
of continuing this processin Table 2.

Table 2 The Results of the Bisection M ethod.
L eft endpoint Right endpoint

n=0 1 2
n=1 1.5 2
n=2 1.5 1.75
n=3 1.625 1.75
n=4 1.6875 1.75
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n=>5 1.6875 1.71875

n==6 1.6875 1.703125
n="7 1.695313 1.703125
n=_8 1.699220 1.703125
n=9 1.701172 1.703125
n=10 1.701172 1.702145

After 10 iterations of the bisection method, we obtain an estimate that aroot is between
1.701172 and 1.702145. After 10 more iterations, we find that the root is between 1.701607
and 1.701609. We don't know if the last digit is 7, 8, or 9, but whichever it is, we get a
rounded-off estimate of 1.70161.

A graphical portrayal of the steps of the bisection method for this exampleis given in Figure
8. It shows the intervals containing the root that are produced by each of the first six steps of
the method. &

1 1.15 1.3 1.5 155 192 2

Figure 8 Graphical portrayal of the bisection method for Example 6.

The accuracy of the estimation can be increased by simply continuing the process further.
Nevertheless, the calculations are tedious to perform by hand, even with the aid of a scientific
calculator. However, this type of repetitive computation isideal for a programmable calculator or a
computer.

1.10 Transition to Calculus | - | -
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Analyzing a Function
Example 7 Analysis of r#/3#

Analyze the behavior of thefunction §{r} = r* 2% We begin by examining the graph of
this function, which is easily produced using a graphing calculator or a computer graphics
program. The graph of f(x) is shown in Figure 9 for theinterval [-1, 9].

fix]

Figure 9 Graph of f(x).

From the graph, we see that the function decreases from x = -1 to x = 0, where it passes
through the origin and hence has aroot at x = 0. It then increases from x = 0 to approximately
x = 3 and then decreases thereafter, approaching the x-axis. Moreover, the graph is concave
up from x = -1 to about x = 1, is then concave down until about x = 5, and is concave up
thereafter. Thus, the function has inflection points near x = 1 and near x = 5.

We desire to identify more accurately where the function achieves its maximum and where it
changes concavity. We know from our previous investigations of sequences and their
approximations to functions that f(x) achieves a relative maximum near where the sign of

& f (] changes from positive to negative; it has a point of inflection near where the sign of
% f{ ) changes from positive to negative or negative to positive.
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Analyzing a Function

First we investigate the relative maximum of f(x) near x = 3. We examine a series of values of
the function near x = 3. We will not use integer values of x, but values near x = 3 selected at
set intervals. The interval distance is denoted by #, . Inthis case we define /, f[r ] asthe
change of the function over theinterval (x, x + /). Therefore,

Mflr) = flz 4+ fAx) — fir) Thisisageneralization of our previous definitions where
we awaysused /= 1. Thediagram in Figure 10 shows the relationships for /, r and

M f(r) Inthiscaseweuse 2, ¢ = (1,1 and organize the calculationsinto Table 3.

v

LLES flxrt)

—

A fil] = flarand - fix)

| | - X

2 x whhx 3

Figure 10 Graphical relationship of A, rand A f{r).

Table 3 A Difference Table.

X f(x) Lflr)
27 11219 0.0038
28 11257 0.0010
29 11267 -0.0017
30 1125 -0.0042
31 11208

From Table 3, we observe that the function increases by 0.0038 from x = 2.7 to 2.8, then
increases by somewhat less from x = 2.8 to 2.9, and then decreases from x = 2.9to 3.0. We
therefore conclude that the relative maximum occurs somewhere near x = 2.9, where f(x) =
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Analyzing a Function

1.1267. We could improve on this estimate by taking values of x that are still closer together
by reducing 1.

We aso observe from the graph that there is a point of inflection near x = 1. To pin it down
more closely, we need to determine where /2 f{ r | changes sign. Once again, the definition
of A2 f({r)must reflect theuse of /g, which isno longer needed to be set as 1. Therefore,
wenow define A2 f{riby A2 f(r) = A flr + Ar) — A f(z) Weuseaset of points
near x = 1 and construct a difference tableusing /¢ =0.1, asin Table 4.

Table 4 A Difference Table.
x (¥ &fle) AR flr)

0.5 0.1768 0.0607 0.0034 Concave up
0.6 0.2375 0.0641 0.0019 Concave up
0.7 0.3016 0.0660 0.0005 Concave up
0.8 0.3676 0.0665 -0.0006 Concave down
0.9 04341 0.0659 -0.0014 Concave down
1.0 0.5000 0.0645 -0.0022 Concave down
1.1 05645 0.0623 -0.0027 Concave down
1.2 0.6268 0.0596 -0.0033 Concave down
1.3 0.6864 0.0563 -0.0035 Concave down
1.4 0.7427 0.0528 -0.0038 Concave down
1.5 0.7955

From Table 4 we see that the point of inflection occurs near x = 0.8, where the signs of the
second differences change from positive to negative.

We can refine this estimate of the location of the point of inflection by expanding the table to
consider values of x closeto 0.8 by reducing the interval distance s, r to 0.01. However, in
order for this analysisto be accurate, the /. r must remain fixed or constant for all
calculations in each distinct difference table. Then we can use x = 0.75, 0.76, 0.77,..., 0.85,
0.86 and find that the second difference is closest to 0 near x = 0.84. Y ou can repeat this
process still further to estimate the location of the point of inflection as accurately as needed.
It turns out that the first point of inflection occursat ¢ s [, 8457. &
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As the previous discussion suggests, in order to obtain exact locations for relative extrema and points
of inflection, it is necessary to somehow shrink the distance .  to zero. Although this seemslike a
paradox, or perhaps mumbo-jumbo, it turns out that this can be done with advanced tools learned in
calculus. Thereis a second reason, aside from enhanced accuracy, for learning these advanced tools--
one can never be sure of finding all relative extrema or points of inflection if we know f(x) only for a
finite sample of x-values (multiples of /¢ = 0.1 in the example above).

For example, how do we know that the proper graph of y = £ </2# does not have avery high spike
between x = 1.0 and x = 1.1, as shown in Figure 117? It does not have such a spike, but we cannot
know thisif we do not calculate f(x) for values between x = 1.0 and x = 1.1. If it had such a spike,
there would be a relative maximum between x = 1.0 and x = 1.1 of which we would have no
knowledge. No matter how many points we take, there will always be intervals between points in
which spikes can conceivably occur.

fix]

|
1.0 1.1

Figure 11 Zoomed-in version of part of Figure 9, with afictitious spike.

Using the power of calculus, we can find exact slopes, exact locations of extrema and inflection
points, instantaneous rates of change, and exact areas between curves,

All these concepts are based on applying the limit concept to the discrete operations of the
difference 4, and the summation % .

1.10 Transition to Calculus | - | -
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A feature about streets that we take for granted is the line painted down the middle to divide the two
directions of traffic. The paint gradually wears off, so trucks need to repaint the lines periodically.
For a particular group of streets, an efficient route for the truck would involve passing exactly once
along each block, so that there is no wasted travel, such as having to drive back along a street whose
center line had already been done. Three questions arise naturally:

. Isthere an optimal route (one as efficient as possible)?
. If so, how can wefind it?
. If not, what's the best that we can do?

Thisis an optimization problem; to make it into a mathematical problem, to which we can apply
mathematical tools, we need to model the situation with mathematical concepts.

The streets can be represented as line segments, which we call edges, and they meet in intersections,
which we call nodes (see Figure 1).

L1
3 5] 9 12

Figure 1 A graph to represent streets for the line painter's route.

Figure 1 is an example of agraph. Although the name is the same as for the graph of afunction, this
kind of graph is entirely different. See the accompanying Spotlight, "Why Are They Called
Graphs?', for the history of "graph" aswe useit here.
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Graph Concepts

DEFINITIONS

A graph consists of afinite, nonempty set of nodes and a finite set of unordered pairs of nodes,
called edges. Note that we require a graph to have at least one node, but it does not have to have any
edges. In Figure 1 we denote the edge joining node 11 to node 12 by the unordered pair (11, 12).

An edge joining two nodes is said to be incident to the nodes, and the nodes are said to be incident
to the edge. The edge (11, 12) isincident to each of the nodes 11 and 12, and they are incident to it.

Two nodes are said to be joined or adjacent if they are both incident to the same edge. Nodes 11 and
12 arejoined by the edge (11, 12).

If an edge joins anode to itself, we say that the edge is aloop. Loops can be a useful construct, but
we will not need them here.

A subgraph of agraph consists of a subset of the graph's nodes and a subset of the graph's edges,
such that if an edge isin the subgraph, so are the nodesincident to it. In Figure 1 the edges (1, 2)
and (2, 5) do not form a subgraph of the entire graph unless we aso include nodes 1, 2, and 5.

In drawings we represent nodes as enlarged points and edges as line segments or arcs joining nodes.
However, in graphs that are not as orderly as maps of streets, there may be no way to draw a graph to
avoid line intersections that are not nodes of the graph. In Figure 2 the dots labeled v, vs,..., Vg

represent nodes, and the line joining v; to v, represents the edge (v, v, that isincident to nodes vy
and v,. The point P where the edge from v, to vg crosses the edge from v, to v, is not a node. We use
enlarged points to show which points do represent nodes.
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Graph Concepts

Figure 2 Inany drawing of this graph in the plane, some edges have to cross at points that are not
nodes.

It is convenient to label the nodes vy, vs,..., v, asin Figure 2, because we can then use a matrix to
represent which nodes are joined by edges. Such a matrix is called an adjacency matrix for the graph.

DEFINITION

In the adjacency matrix for a graph, the entry in row i and column j is 1 if nodesi and j are joined by
an edge and is 0 otherwise. In particular, notice that the matrix has an entry of O wheni =j, since
there are no loops in this graph (or in any of the graphs that we will consider). The adjacency matrix
for the graph of Figure 2 isasfollows:

==
= -
N N S e
o T B o B S S S
L R e R e B R
Lo B e B o B S S S

The line painter is concerned with covering the route, which in our terms corresponds to traversing
edgesin the graph, preferably without having to go down any block more than once. At this point we
introduce three definitions, which take words common in your experience and give them specific
technical meanings to distinguish closely related concepts.

DEFINITIONS
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A path is a nonempty sequence of nodes such that each two consecutive nodes are joined. We think
of the path as proceeding from each node to the next along the edge between them, asin Figure 33a;
we denote that path from v, to vg by v;V,4VsVavoVs.

A cycleisapath whose first and last nodes are the same.

vy iy vy ey Yy ey sy
Y W, Mo W

4 5 g Y 5 B My 5 Ve
L Mg Wy Ve o Vg o g 5 Yy

(2] (b ()

Figure 3 Different kinds of [aths from v; to vg.
a. VqV,VsVavVg: An edge and anode are repeated.
b. viV4VsVeVaVovsVg: NO edge isrepeated, but one nodeis.
C. V1V,VsVg: NO edgeis repeated, nor is any node repested.

In Section 5.3 we will be concerned with whether a path traverses an edge more than once and
whether it visits a node more than once. In Figure 3 we show some paths on the same graph, using
thickened edges to denote the edges included in a path. In Figure 3athe pair of nodes v, and vs

occurstwice, first in the order v,vs and then in the order vgv, (V5 occurs only once, but it can be
paired both with its predecessor and with its successor). Hence the edge between v, and vs is

traversed twice. In the path of Figure 3b, each edge that is part of the path is traversed once. Figure
3c shows a path in which no nodes are repeated.

In terms of a path, the line painter's problem translates into the question:
|sthere a path that traverses every edge exactly once?

The line painter does not mind returning to the same point (for example, an intersection of streets),
but would like to avoid retracing any blocks. A route that would satisfy the painter is called an
Eulerian path, after Leonhard Euler (1707- 1783), pronounced "oiler." See the accompanying
Spotlight for biographical information about this remarkable man.
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Eulerian Paths and Cycles

DEFINITION

An Eulerian path is a path that traverses every edge exactly once.

In terms of the drawings that we use to represent graphs, an Eulerian path corresponds to tracing all
of the edges without lifting your pencil from the paper and without going over any edge more than
once. There can be an Eulerian path only if the graph is connected, meaning that for any pair of
distinct nodes, there is a path from one to the other (see Figure 4).

W i 'I.I'E l"llﬂ

Wy g Vg

(2] (k)

Figure 4 a. Thisgraph has an Eulerian path. It is a connected graph, but not all connected graphs have
Eulerian paths. b. This graph is not conected and hence can not have an Eulerian path. The graph has
three components, none of which is connected to the others by edges.

DEFINITIONS

A graph is connected if, for any pair of distinct nodes, there is a path from one to the other. The
graph of Figure 4ais connected: Each pair of nodes is connected by an edge, but the necessary path
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between a pair of nodes may pass through many edges. The graph of Figure 4b is not connected. A
graph with just two nodes and no edges is not connected. A graph with just one node (and no edges)
IS connected, because it cannot fail to be-- there are not two distinct nodes without a path between
them.

Any graph can be partitioned into one or more subgraphs that are connected and are as large as
possible. These subgraphs are called components. In Figure 4b there are three components. A
connected graph has only one component. A graph with just two nodes and no edges has two
components.

The painting truck must start from the city garage and return there after painting lines on aroute of
streets. The truck must go to a starting point for the route and proceed from there. A good route
would be one whose starting and finishing nodes are the same, so that the truck winds up back where
it started.

DEFINITION

An Eulerian cycleisacycle that traverses every edge exactly once. In other words, it is an Eulerian
path that is acycle. Figure 5 shows graphs with and without Eulerian cycles.

In 1736 Euler investigated the conditions under which a graph has an Eulerian path or an Eulerian
cycle. These conditions involve the degree of a node.

DEFINITION

The degree of anode isthe number of edgesincident at that node. For example, the degree of each
nodein Figure 4ais 4.

Theorem 1. A graph has a Eulerian path if and only if the graph is connected and the number of
vertices with odd degree is either O or 2. If the number is O, then any Eulerian path is an Eulerian
cycle; if itis 2, then an Eulerian path must begin at one of the vertices of odd degree and end at the
other.

Y ou should compare what the theorem predicts for the graphs in Figure 5 and then try to find an
Eulerian cycle in Figure 5a and an Eulerian path in Figure 5b. Although Euler developed this
theorem in 1736, you probably could have discovered the theorem on your own, after trying a
number of examples. It is easy in practice to find whether a Eulerian path exists, as Exercise 13
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demonstrates.

(2]

(k) ()
Figure 5

a. A graph with Eulerian cycle. b. A graph with an Eulerian path but no Eulerian cycle. c. A graph with
neither an Eulerian path nor an Eulerian cycle.

Euler's theorem tells whether or not a graph has Eulerian paths or cycles. If some do
exist, we want to find one. The best proof of Euler's theorem would be one that ACTIVITY

constructs an Eulerian path. We seek a procedure to generate an Eulerian path, a
procedure that works on any graph that has an Eulerian path. Mathematical scientists EE=%/[= 1)

have investigated in detail the nature of such procedures or "recipes,” which are Pictures
called algorithms. It turns out to be easy in practice to find whether an Eulerian path and
exists; Exercises 13 to 15 investigate one such agorithm. Procedures

The accompanying Spotlight suggests a generalization of the concept of "graph” that is a better
model for some other situations.

We leave graph theory for the time being and now proceed to examine carefully the concept of an
algorithm, with examples from other realms of mathematics.

5.1 Problems, Pictures, Procedures |q | -
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What Is an Algorithm?

DEFINITION

An algorithmfor
aproblemisan
outline of the
stepsof a
procedure to
solve the
problem. The
procedure must
be

deterministic--
the nature and
order of the
steps are
described
precisely and
unambiguously;

effective--it
gives a correct
solution to the
problem; and

finite--it
terminates after
afinite number
of steps.

SPOTLIGHT

Leonhard
Euler (1707-

Y ou are already familiar with several kinds of arithmetical )

algorithms, the rules that you learned for doing pencil-and-

paper addition, subtraction, multiplication, and division of whole numbers,
fractions, and decimals. For example, you probably learned an algorithm for
adding positive integers that involved first summing the 1's column, posting a
[carry digit to the 10's column (if necessary), and so on. In algebrayou learned
algorithms for these operations on polynomials and rational functions.

Another broad class of algorithms consists of mathematical formulas. For
lexample, the values of x that solve the equation ax2 + bx + ¢ = 0 are given by

—bh 4+ b2 — dac —b — b2 — dac
— I — 1

aa 2

I

provided a #0.Tryto envision what you would do on a calculator to evaluate
lone of these formulas for a particular set of valuesfor a, b, and c. The formula
Isdeterministic: It tells what stepsto perform and in what order; it is effective
since the results are guaranteed by algebrato be correct solutions (assuming
that you press the right numbers and perform the right steps in the right order,
and that the limited precision of your calculator does not produce roundoff
lerror); and it isfinite, since there are only finitely many parts to the formula

In Chapter 3 you encountered the Gaussian elimination algorithm for solving a

linear system (Section 3.4) and pivoting plus Gaussian elimination as an
algorithm to find the inverse of amatrix (Section 3.5). In fact, much of your

knowledge of mathematics consists of knowing how (and when) to perform certain algorithms to
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solve particular kinds of problems. Even solutions to problems in trigonometry or particular kinds of
word problemsin agebra (e.g., rate problems) can be algorithmic, once a pattern of solution emerges
and becomes routine. Y ou can even think of other activitiesin life as agorithms; for example, to
explain to ayoung boy or girl how to use a pay phone, you would need to give a careful description
of a sequence of steps to accomplish the task. How detailed the description should be would depend
on the age and experience of the person, since you would need to know if you could rely on an
understanding of certain terms ("quarter,” "busy signal™) and familiarity with certain operations
(inserting a coin, pushing a button, etc.) without going into detail about them.

Similarly, the detail with which a mathematical algorithm should be described depends on the
audience who will read and apply it. Sometimes, as with Gaussian elimination, the method of the
algorithm can be conveyed effectively in an informal fashion, or by means of examples. Often,
however, we want to give a precise formal description, asan aid in

. clarifying any imprecision in the informal description, so that we can be sure that we understand
exactly how to perform the algorithm;

. proving that the algorithm in fact always does what it claims to do; and

. coding the algorithm as a computer program.

We now illustrate the formulation used in this book for describing algorithms formally.

5.1 Problems, Pictures, Procedures |q | -
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Hodgson's Rule

An all-too-common problem that students face is sometimes having too much to

do. In particular, you may be faced with deadlines for assignments in several SPOTLIGHT

classes but realize that you can't possibly finish all of the assignments by their

respective due dates. What should you do? Generalizing
aGraph

Y ou could take turns working on the different assignments, but that might result

in al of them being late. Y ou could try to minimize how late the latest assignment is. Y ou could
work intensively on the assignment that is due first, until you finish it or until it is late (whichever is
sooner), then switch to the assignment due next. What you should do may depend on the penalty in
each course for alate assignment.

Here we describe a strategy--an algorithm--to minimize the number of late assignments, called
Hodgson's rule [Moore (1968)]. This algorithm has been applied in practice many times to situations
of scheduling production in industry. For a particularly amusing account of an application to the
manufacture of trailers, see Woolsey (1992).

We assume that you know the due dates for the assignments and know or can estimate the time that it
will take to complete each one. Hereis an informal description of the algorithm:

STEP 1. Put the assignmentsin order of date due, left to right, from earliest to latest.

STEP 2: Work out when the assignments would be started and finished if you did them one at atime
from right to left. Thisis called simulation because you aren't actually doing it, only experimenting
with how you would do it. Proceed until either

--you get through the whole list and no assignment is late, in which case stop; or

--you come to an assignment that would be late, in which case you continue to step 3.

STEP 3: Considering the first assignment that would be late and all assignments to the left of it, take
the one with the longest processing time and remove it from the list (it is going to be late).

STEP 4. Return to step 2, and repeat steps 2- 4 until done.
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Example 1 lllustration of Hodgson's Rule

Consider the list of assignmentsin the first row of Table 1, with the due dates (in days from
now) in the second row and the times (in days) that they will take in the third row.

Table 1 Sample Problem for Hodgson's Rule.
Assignment Math Econ. Hist. Chem. Psych. Art

Due 3 5 9 14 36 48
Time 2 12 5 10 15 15
Total time 2 14

The assignments are already in order of date due, so we skip step 1 and proceed to step 2. We
execute step 2, showing our calculations in the last row. That row shows what would happen
if we did thefirst two assignmentsin order. The math assignment is done by the end of day 2,
which isfine sinceit isn't due until day 3; but the economics assignment, which we don't start
until after we finish math, gets finished on day 14, which iswell past its deadline of day 5.
Since we have alate assignment, we continue to step 3. Since the economics assignment takes
the longest time of the assignments up to and including itself, we remove it. Moving on to
step 4, we return to step 2 and simulate once again, with the results shown in Table 2.

Table 2 Sample Problem for Hodgson's Rule.
Assignment Math Hist. Chem. Psych. Art

Due 3 5 14 36 48
Time 2 5 10 15 15
Total time 2 7 17

After that ssimulation, we now drop the chemistry assignment and simulate (repeating steps 2-
4) again, with the resultsin Table 3. We get through the whole list with no late assignment, so
we reach the alternative in step 2 that says to stop.

Table 3 Sample Problem for Hodgson's Rule.
Assignment Math  Hist. Psych. Art
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Due 3 9 36 48
Time 2 5 15 15
Total time 2 7 22 37

According to the algorithm, the best that we can do is complete four of the six assignments on
time. The final line of Table 3 shows away to complete the assignments for math, history,
psychology, and art on time, with the assignments for economics and chemistry being late.
This result may not be the only combination of four assignments that can be completed on
time. (Can you find another one? See Exercise 10.) &

What if you wanted to implement this algorithm on a computer? Y ou would have to describeit in the
code of a computer language, which isabig jump from an informal description. A useful
intermediate step is to expressit in pseudocode, asis done for algorithmsin earlier chapters. Styles
of pseudocode vary; the rules that we use are handily summarized in Appendix 2.

We describe Hodgson's rule in a pseudocode in Algorithm 1. The leftward arrow (+—) indicates that
the value of the expression on the right is assigned to the variable on the left. Algorithm 1 assumes
that the assignments have been given numbers and that they have already been arranged in order of
date due, so that step 1 of Hodgson's rule has been done (and hence is not shown).

The best way to understand this description is to "desk-check" it: Work through it with the data from
the example, and observe how the algorithm implements your informal understanding.

5.1 Problems, Pictures, Procedures |4 | b
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Components of Algorithm Description

Every algorithm takes one or more inputs and produces an output, which we want to be sure isthe
solution to our problem. In our formulation of an algorithm, we explicitly list

Input(s) and Output(s), in part as away of introducing notation and identifying variables that are
used in the algorithm.

Preconditions, facts that must be true about the input(s) in order for the algorithm to work properly.
For example, the bisection algorithm to find areal root of a polynomial (Section 1.10) requires that
the polynomial have areal root (there are ways to test in advance whether thisis so). Our
preconditions here are that the assignments are in order of date due (in the future) and that the times
for completion are all positive. If either of these conditionsis not met, we cannot be sure that the
algorithm will give a correct answer. If some of the inputs are entered as negative numbers instead of
positive ones, we might find ourselves having already completed all of the assignments last week!
For the sake of correctness on all inputs, a computer program should check whether the inputs to the
program satisfy the preconditions of its algorithm.

Postconditions, features that are supposed to be true about the output. That they are indeed true and
that the algorithm terminates are what it means for the algorithm to be correct. The postconditions
and termination must be proved, just as we would prove atheorem in mathematics. Explicitly writing
out the postconditions reminds us of what the algorithm is supposed to do, which we can then
compare with what it actually does, as described in the body of the algorithm. The formal description
of Hodgson's rule makes it easier to reason clearly and specifically about the algorithm, implement it
as a computer program, and prove features about it--for example, that it terminates (which is not
obvious) and that it maximizes the number of on-time assignments (which is far from obvious). We
do not prove these features here, but you may want to remember Hodgson's rule the next time that
you face deadlines.

Inputs: due dates, Due[i], and times required, Time[i], for n assignments
Output: vector OnTime indicating assignments completable on time
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Components of Algorithm Description

Preconditions. 0 < Due[1] Lo & Due[n], Time[i] >0 for all i
Postcondition:  number of on-time assignmentsis aslarge as possible

for k froml ton
OnTime[ k] 4+ true Jwe begin by being optinistic!k
repeat

Total Time + O
i 4+ 0 {i is the current assignnent}

r epeat
I o~ 1 + 1
Thi sOneWwul dBeLate ¢ false {again, we start out optimistically}
if OnTime[i] then [i is still on the list}h

Total Time 4+ Total Time + Time[i]
Thi sOneWul dBeLate +— (Total Tine > Due[i])
i f Thi sOneWbul dBeLat e t hen {V\e must find one to omi t}

find ) wwth 1 <] =<1, OnTine[j] true, and

Time[j] = max «Tinme[1],..., Time[i]}
fwe pick longest one so far that is still on the list}
OnTinme[j] + false {we delete it fromthe list}
endi f
endi f
until (Thi sOneWul dBeLate) or (i = n)
until (i = n)

Algorithm 1 Hodgson's rule for maximizing the number of on-time assignments.

5.1 Problems, Pictures, Procedures |q | -
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Meals on Wheels

The population of the United States is aging. The "baby boom™" generation will begin to retire after
the year 2000, and the number of Americans aged 85 and over will multiply sixfold by 2050. Most
elderly people want to continue living at home, and many of them are able to if they have modest
amounts of help. One service that many count on is"meals on wheels," the delivery to their homes of

a hot meal once aday.

Suppose that you are the manager of the local organization providing meals on wheels. Y ou would
like to minimize the cost of delivery, which includes minimizing the miles the delivery vanstravel.

A van delivering meals starts from the location of the kitchen, visits a certain set of homes, and
returns to the kitchen. Figure 1 shows two different routes for a simplified problem in which the
kitchen (K) and all three of the homes are located at the corners of the same city block.

/ﬁ

2 3 2 2

1 k. 1 .

e e,

Figure 1 Thekitchen and tree homes for deliveries are all on the same square block.
a. Thedriver deliversto homesin order 1-2-3 and returnsto the kitchen, all by making asingletrip
around the block, for atotal distance if 4 block lengths.
b. The driver deliversto homesin order 2-3-1 and returns to the kitchen, for atotal distance of 6 block
lengths.

This figure shows a simple situation, which isn't very hard to solve by trial and error. However, we
will use this example to create the concepts we will need for larger real problems. Real delivery
problems can be very much more complicated, and the order in which the meals are delivered can
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Meals on Wheels

make a big difference in the cost of delivery.

No doubt, as manager of the local meals-on- wheels service, you have some ideas about how to
design routes that are somewhat efficient. But how do you find a best possible route? It's not easy
without a strategy, so you need to formalize your intuitions into an algorithm. Y our algorithm must
be general, so that it finds an optimal route no matter where the kitchen and the homes are located.
To be sure that you have the best route, you need to prove that your algorithm gives an optimal route.
Finally, the algorithm has to be efficient enough to produce new routes quickly, since you regularly
receive last- minute cancellations and additions of clients.

We now make a brief detour to examine a situation in a completely different context, which turns out
to lead to exactly the same mathematical problem. With these two applications as motivation, we
will proceed to solve the common problem, examining variations and new approaches that are being
actively researched today.

5.2 Minimum Cost Spanning Cycles | # | >
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Machine Tools

A key ingredient in a nation's manufacturing ability and prosperity is its machine-tool industry.
Workers use machine tools to make things: to cut and shape parts (the leg of a chair, the fender of a
car); to make diesfor metal or plastic objects (a metal wrench, the phone in your room); and to fasten
parts together (weld car bodies, drill solder circuit boards).

A magjor consideration in using a machine tool is keeping costs down:

a. The work should make optimal use of materials. For example, atool cutting circular parts from
rectangular stock should waste as little material as possible. Thiskind of optimization task isa
problem in geometry, and we do not pursue it here.

b. The tool should work as fast as possible, consistent with safety and accuracy. This aspect involves
minimizing the movement of the head of the tool (e.g., the drill bit, the cutting edge, or the laser tube
involved). Equivalently, if the head is fixed and the raw material moves past it (asin a supermarket
scanner), we want to maximize the speed of the material's flow. As our typical problem we take
using alaser to drill identical holes at certain locationsin acircuit board (see Figure 2). We suppose
that the laser can drill the holesin any order. It starts at afixed initial position, moves in some order
to each hole location and drills there, and finally returnsto theinitial position. The time to do the
actual drilling is the same for each hole; in fact, the total time for just the drilling is the same, no
matter the order of visiting the holes. The only potential for time economy lies in choosing the order
for visiting the hole locations, so as to reduce the time for fast gross movement and then slower
precise positioning of the laser.

# [ ] # * # # [ ] * [ ] L L [ ]
* L * L L L L L * L ¥ ¥
* * [ ] * * * * * * [ ] *
* * L * L L L L L L L L
* L L * L * L * L L * L
* # [ ] * i * * # * [ ] # [ ]

Figure 2 Diagram of the circuit board. The larger dots indicate |ocations where holes are to be drilled.
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Complete Graphs and Weighted Graphs

We may model each of these two problems, the meals-on-wheels problem and the drilling problem,
by a graph. For the meals-on-wheels problem, we take the kitchen and homes to be nodes, with the
edges being routes between homes and between the kitchen and homes. For the drilling problem, the
nodes represent the drilling locations and the edges represent the routes that the laser takesin going
from one location to another.

In the meals-on-wheels problem, we can go from any home directly to any other home; similarly, in
the drilling problem, we can go directly from any drilling location to any other. We say that each of
the graphs is complete.

Figure 3 shows the resulting complete graph on the four nodes K, 1, 2, and 3.

DEFINITION  Injotice that we have abstracted somewhat from the physical geography of the
A complete problem; for example, the edges (K, 2) and (1, 3) appear to cut through the city
raph ﬁsa block diagonally, whereas in fact they are mathematical abstractions of the real
gr IOh in physical routes (which do not cut through the block but go around it in the most
grap efficient way).
which every
nodeisjoined
to every other 2 1 3
node.
=
1 1
=
1 1 k.

Figure 3 The complete graph of the four nodes of the simple meals-on wheels delivery problem, with
associated costs of each edge.

Each edge of the meals-on-wheels problem graph has an associated cost--the cost of the most
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efficient trip between the two nodes (there's no need to consider out-of-the-way routes). Each edge of
the drilling problem graph has an associated cost--the travel time of the laser head from the drilling
location of one node to that of the other. The graph for each problem is a weighted graph.

DEFINITION

A weighted
graphisa
graphin
which every
edge has an
associated
number,
caled a
weight or
Cost.

Let theinitial location of the van or the laser be v, and let the locations to be

isited be 14,..., v, SO that there are n clients or holes. We designate the
minimum cost for the trip from any location w, to any location w ; by ¢, (if i =
|, the cost is 0). (Recall that we are considering only a most efficient trip between

01
1 0
2 1
1 4

two locations, not out-of-the-way routes.)

2
1
\
1

IWe can represent the entire problem by a matrix C of location-to-location costs.
For the example of Figure 1 with the kitchen and homes all on the same block, the
lcorresponding matrix, with the costs in terms of blocks traveled, is

= = b3

5.2 Minimum Cost Spanning Cycles | -# | -
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Spanning Cycles

The meals-delivery and drilling problems both become the mathematical optimization problem of
finding a cycle that passes through every node of the graph exactly once and has minimum cost. We
specify aroute for the van or laser by listing all of the nodes in order of visit, beginning and ending
with w5 Theresulting path is called a Hamiltonian cycle or spanning cycle:

spanning because it includes or "spans”’ all the nodes in the graph; and

cycle because following that path from any node eventually brings you back to that node without
visiting any other node more than once.

The name "Hamiltonian" honors Sir William Rowan Hamilton (1805- 1865), an

DEFINITION ;i sh mathematician and astronomer who devised a game featuring the finding of
A cycle that cycles. quever, the concept appears to hqve been first enunciated in

N mathemat! cal terms by the Rev. Thomas Kirkman (1806- 1895), an amateur
every node of mathematician.

agraphis _— : —

caled a Both of the two routes in Figure 1 are spanning cycles; the first is represented by
spanning K123K and the second by K231K. Figure 4 gives an example of amore

cycle or jcomplicated complete graph (just the nodes are shown, not all the edges), together
Hamiltonian  [with aspanning cycle.

cycle of the

graph.
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Spanning Cycles

Figure 4 Nodes of acomplete graph (most edges aren't shown) and a spanning cycle for it.

For each problem, we seek a minimum cost spanning cycle of acomplete graph. We investigate this
concept further next. Such "theoretical” concepts and models derive practical power from their
generality, because generality isthe key to wide-ranging applicability.

5.2 Minimum Cost Spanning Cycles | -# | -
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Brute Force

Our godl isto find an optimal ("best") route for the van or laser--a minimum cost spanning cycle. We
say "an" optimal route, because several may be tied for best. One way to find a best route isto go
through them all, keeping track of the best one so far. This algorithm--examining all solutions and
picking abest one--is called brute force (see Algorithm 1).

aweighted graph
I nputs: a spanning cycle Initial Cycle for the graph

afunction Cost that calculates the cost of a spanning cycle
Output: aminimum cost spanning cycle for the given graph

Preconditions. none
Postcondition:  BestCycleSoFar is a minimum cost spanning cycle

Best Cycl eSoFar + Initial Cycle

M ni nunCost SoFar  Cost (I nitial Cycle)

r epeat
generate a NewSpanni ngCycle for the graph
i f Cost (NewSpanni ng Cycle) < M ni numCost SoFar then

Cost ( NewSpBest Cycl eSoFar  NewSpanni ngCycl e

endi f

until all spanning cycles have been exam ned

Algorithm 1 Brute-force algorithm to find a minimum cost spanning cycle.

Thisalgorithm is not completely specified, because it does not describe how to generate all the
spanning cycles, or in what order. For a situation as simple as Figure 1, however, it is easy to
generate all of the spanning cycles and their costs by hand and then trace through the algorithm;
Table 1 traces the execution of the algorithm for one particular ordering of the spanning cycles.
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Brute Force

Table 1 FindingaMinimum Cost Spanning Cyclefor Figure 1.
InitialCycle NewSpanningCycle Cost BestCycleSoFar MinimumCostSoFar

K231K undefined undefined K231K 6
K231K K132K 6 K231K 6
K231K K123K 4 K123K 4
K231K K312K 6 K123K 4
K231K K213K 6 K123K 4
K231K K321K 4 K123K 4

Does brute force always work? Y es, if we can finish the task. Because there are only finitely many
cycles, one of them must be optimal; and our algorithm looks at al of them. Brute force is thorough,
but there may be too many cyclesto try them all. How many cycles are there? We start and finish at
vg. I[N between we are in the situation of Section 3 in Chapter 4, of choosing nodes without
replacement; once we have visited alocation, we do not want to return. There are n homesto visit or
holes to be drilled; the different paths correspond to the n! permutations of the n nodes w y,..., ',
We can represent each possible path in atree diagram, asin Figure 5. Aswe saw in Section 3 of
Chapter 4, n! can be an enormous number, even for relatively small n. For example, for n = 50, we
have 50! e« 3 3 10%%.

2

1=:’_:3

K 2{:;
]

3=::“:_E

Figure 5 A tree, the paths trough which represent the possible ways to complete a spanning cycle for
the complete graph of Figure 3.

T

If there are too many cycles to enumerate, we need another line of attack. We can think of our
problem as a search problem: We are searching, among all spanning cycles, for one with smallest
length. Brute force amounts to what is called sequential or linear search, examining every spanning
cycle, one at atime. Thereis no possibility of a shortcut, because we can't be sure that we've found a
minimum-length spanning cycle until we've looked at all of them.

http://www.webpearl s.com/products/demos/pap/comap/chapter5/sec2/node5.html (2 of 3)3/14/2007 3:28:55 PM



Brute Force

If we can't examine al of the spanning cycles with the resources that we have, then we must either

a. apply more resources to the problem, or

b. devise a more efficient algorithm, using theory to help develop it and to prove both that it works
and that it is more efficient, or

c. settle for the best solution that we can find with the time and resources available to us--a near-
optimal solution, using a heuristic algorithm.

DEFINITION

A heuristic algorithm, or heuristic, for short, is a procedure that seeks solutions at manageable
computational effort but offers no guarantees that its output is correct.

The accompanying Spotlight gives details of a heuristic algorithm used to solve an actual instance of
ameals-on-wheels problem. We will discuss heuristic algorithms further in Section 6 of this chapter.

5.2 Minimum Cost Spanning Cycles | - | b
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Parallelizing

An example of devising amore efficient algorithm isto parallelizeit: Modify it so that it can be run
on anumber of computers at the same time, each working on a different part of the problem. For
example, if we had n computers, we could set the first computer to examine just the spanning cycles
that go first from ¢ to w4, the second to check those that go first to w4, and so forth. Parallel
algorithms are an exciting area of research in computer science, particularly since machines may
now have thousands of processors. For our problem, however, even with n computers, each computer
is still left with examining (n - 1)! spanning cycles, which isn't much of an improvement.

5.2 Minimum Cost Spanning Cycles | - | >
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Random Search

For the minimum length spanning cycle problem, we could proceed by random
search, generating at random and checking as many spanning cycles for wehave ~ SPOTLIGHT
time and resources.

A High-
At first that doesn't seem any better than just following the brute-force algorithm Math, Low-
until we run out of time. However, with brute force we might not get beyond Tech
cyclesthat go first from vg to vy, which might all be grossly inefficient. Solution for
Generating spanning cycles at random gives a better "sample" of the universe of Meslson
spanning cycles. Wheels

Can we find an optimal spanning cycle through random search? Y es, if we get lucky. If thereisonly
a single spanning cycle with minimum cost, then we would expect to encounter it after generating
about half of the spanning cycles. Whatever happens, we won't know for sure that the best that we
can find is optimal unlesswe look at al of the spanning cycles.

For an intriguing scheme for code-breaking by combining parallel processing and random search, see
Quisguate and Desmedt (1991).

5.2 Minimum Cost Spanning Cycles | -] | >
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Nearest-Neighbor Heuristic

An approach that can be applied in awide variety of problem contexts is the greedy heuristic.

DEFINITION

The greedy heuristic approach is to build a solution by doing the best each stage, without |ooking
ahead to see if this might be unwise in the long run.

For the meals-on-wheels and hole-drilling problems, the natural greedy heuristic is the nearest-
neighbor heuristic.

DEFINITION

For a path in aweighted graph, the <nearest-neighbor heuristic> chooses as the next node, from
those that are adjacent to the current node and not yet visited, one that can be reached along an edge
of least weight.

According to this heuristic, we always go next to an unvisited building or undrilled hole that is
nearest to the current one (if there is more than one, we go to any one of them). For the meals-on-
wheels example of Figure 1, this heuristic would have us do the cycle K123K or else K321K.

Input: aweighted graph with nodes v, ..., Vx
Output: apath in the graph, starting and ending at v,
Precondition:  the graph is connected

Postcondition:  the path is a spanning cycle
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Nearest-Neighbor Heuristic

path(0) « vg J{start the path at vg}
Current Node + vg
for i froml1l to n
Avail abl e(w;) « true Jstart with all nodes avail abl e}
endf or
for i +— l1lton
j + 1 J{look for first available node}
while ((Available(wv;) = false) and (j < n))
(j +« ] + 1 {skip unavail ables}
endwhi | e
Cheapest SoFar  w; {first available is tentative choice}
for k + 1 ton J{check if a cheaper is avail able}
I f Avail abl e(wg) and
Vi ght (Current Node, pg) <
Wei ght Wei ght ( Curr ent Node, Cheapest SoFar) then
Cheapest SoFar « Vk {90 wth the cheaper}

endi f
endf or
path(i) « CheapestSoFar {add it to path}
Current Node + CheapestSoFar {nove to new node}
Avai | abl e( Cheapest SoFar) + false J{mark it unavail abl e}
endf or
path(n + 1) = vy {finish path at vglh

Heuristic Algorithm 2 Nearest-neighbor heuristic for a minium cost spanning cycle.

Even such a simple heuristic requires some effort to describe carefully in pseudocode, as Algorithm
2 shows. The best approach to reading this formulation is to read the heading (Input, etc.) and then
ignore the pseudocode itself and read just the comments in braces, which tell what the algorithm is
supposed to do. (And the best way to develop an agorithm is to write the commentsfirst.) In alater
reading, you can see how the comments translate into the pseudocode itself.

The nearest-neighbor heuristic may or may not yield an optimal solution to a minimum cost spanning
cycle problem. For the example of Figure 1, it does, as you can check. For the graph of Figure 6,
starting at Beloit, it does not, as you can check in Exercise 1.

Does greed pay? Greedy heuristics are based on the hope and expectation that optimizing locally (at
each step, we do as well as we can) will result also in global optimization (at the end, we have an
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optimal solution overall). Even if we don't get the absol ute optimum, we may get a near-optimal
solution, since the heuristic prevents us from doing really dumb things.

5.2 Minimum Cost Spanning Cycles | - | b
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Traveling Salesperson Problem

The minimum cost spanning cycle problem is also traditionally called the

traveling salesperson problem (TSP). A sales representative wants to visit each of ~ SPOTLIGHT
anumber of cities (each exactly once) and then return home, minimizing the

mileage involved. Lawler et al. (1985, pp. 2- 6) and Hobbs (1991, p. 266) give the Touring

history of the problem in this formulation. Millions of

"Cities"
At first glance, the TSP problem may not seem to have much practical
application. It takes on more importance when you consider not just sales representatives but trucks
making deliveries, housing inspectors checking complaints, clerks stocking and picking ordersin
warehouses, and visiting nurses making house calls. It is also a problem confronted and solved by
millions of shoppers every day, as each decides on the order in which to visit stores.

In 1954 the largest problem that had been solved exactly had 49 cities, which meant finding the
optimal route among the 48! 1.2 = 1(1%1 possible routes [Dantzig et al. (1954)]. Currently, the
largest TSP problem that has been solved exactly has 2,392 "cities' [Padberg and Rinaldi (1987)].
The improvement from 1954 to 1987 was due in part to computers becoming faster but much more
so to faster and better algorithms.

Contemporary applications involve TSP problems with thousands and even millions of "cities."
Since exact solution of problemsthislargeis currently impossible, research in recent years has
concentrated on finding near-optimal solutions, with highly useful results. In 1992, however,
researchers showed that thereis alimit to how close any efficient approximation algorithm can get to
the least-cost route [Babai (1992); Cipra (1992)].

In other formulations, the minimum cost spanning cycle problem and generalizations of it have even
wider application:

a. vehicle routing, including collection and delivery services by such organizations as
o meals on wheels,
o the postal service,
o parcel carriers,
o overnight express services,
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