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Drawing Lines: Spatial Arrangements of Biological Phenomena 
 

Overview 
 
One of the fundamental needs of any organism is space in which to exist. Depending on how 
organisms engage in vital activities, such as finding shelter, foraging for food, courtship, and 
reproduction, the spatial needs of different species can vary and interact. Some animals range 
over many hundreds of square miles while foraging, while others never leave the small pond in 
which they were born. Many animals, regardless of their sizes or the scale of their habitats, are 
very territorial. These territories can be formed both within and between species. In addition, 
there are many other scales at which the biological organization of space is important. For 
example, at the cellular level, some cells interact with their neighboring cells, and at the 
ecosystem level all of the plants that comprise a forest together structure the space in which they 
grow. 
 
 

Striped Hyena: By Dr. Shamshad Alam [GFDL (http://www.gnu.org/copyleft/fdl.html) or CC-BY-SA-3.0 (http://creativecommons.org/licenses/by-sa/3.0)], via Wikimedia 
Commons. Dragonfly:By Joi Ito from Inbamura, Japan (Dragonfly wings  Uploaded by ComputerHotline) [CC-BY-2.0 (http://creativecommons.org/licenses/by/2.0)], via 
Wikimedia Commons. Parus Major Bird: I, Luc Viatour [GFDL (http://www.gnu.org/copyleft/fdl.html), CC-BY-SA-3.0 (http://creativecommons.org/licenses/by-sa/3.0/) or 
CC-BY-SA-2.5-2.0-1.0 (http://creativecommons.org/licenses/by-sa/2.5-2.0-1.0)], via Wikimedia Commons Prairie Dog Town:By Fredlyfish4 (Own work) [CC-BY-SA-3.0 
(http://creativecommons.org/licenses/by-sa/3.0)], via Wikimedia Commons. Wytham Woods composite map © Google Maps 

 
The organization of space, at scales ranging from microns to kilometers, both affects and is 
affected by various biological phenomena. Similar spatial patterns arise in widely diverse 
biological contexts at very different scales. This unit examines a single underlying principle 
governing the partitioning of a space in a wide range of biological contexts. In the unit, we will 
come to understand how the minimization of energy expenditure results in a widely applicable 
“nearest-neighbor” dynamic. Considering nearest-neighbors helps us model and understand 
biological phenomena with Voronoi diagrams. Creating mathematical models based on Voronoi 
diagrams helps biologists understand and interpret many different biological phenomena. We 
will examine the use of these diagrams in one of several different contexts.  
 
Thinking critically about how space is used and partitioned enables us, to ask and answer 
significant questions that depend more on common sense than on advanced biological and 
mathematical ideas. 
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Unit Goals and Objectives 
 
Goal: Appreciate the role and use of mathematical models in investigating topics in biology. 
Objectives: 

 Explain how a mathematical model can help answer questions about a biological 
situation. 

 Explain how the nearest-neighbor principle leads to a partitioning of space that results in 
a Voronoi diagram. 

 Explain how a similar spatial pattern can arise in diverse biological contexts. 
 
Goal: Understand the concept of and be able to apply and interpret a Voronoi diagram.  
Objectives: 

 Create a Voronoi diagram using at least one method (folding paper or a computer applet) 
and explain some of its properties. 

 Explain how to find the equation of a perpendicular bisector given the two endpoints of a 
line segment. 

 Use coordinate geometry to find the vertices of a Voronoi polygons given the Voronoi 
centers’ coordinates. 

 Interpret several related data sets in an attempt to explain the nesting behavior of a 
territorial bird, Parus major. 

 Explain the interactions of several organisms in a small ecosystem and in explain how a 
Voronoi diagram model helps to understand the interactions. 

 
Goal: Apply critical thinking skills and a Voronoi diagram model to address and analyze a 
biological problem. 
Objectives: 

 Analyze and interpret a Case Study that focuses on one particular biological context and 
problem. 

 Communicate, via a poster and an oral presentation, analysis and a solution to a Case 
Study’s driving question or central problem. 
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Lesson 1  The Partitioning of Space in Ecological Systems  
 
As we consider the organization of space and the needs of organisms occupying that space, it 
would be helpful perhaps to have a structure for our analysis. In many situations involving 
variables that can be measured or quantified, a mathematical model is helpful in our analysis. 
 
Mathematical Models 
 
The word “model” has several meanings. Can you name a few?  
 
The meaning of model in mathematical model is closest to the concept of a representation or a 
replica. A mathematical model is a simplified abstract representation of some phenomenon that 
makes use of mathematical concepts, structures, and techniques. Although much is ignored or 
simplified in creating a mathematical model, the most important aspects of the phenomenon 
being studied must be represented accurately in the model and in a way that allows for a deeper 
quantitative analysis or study of the phenomenon. The goal of mathematical modeling is to focus 
our attention and to give us access to mathematical tools for improving our understanding of 
what we are studying. The initial step in creating a good mathematical model is posing an initial 
question or problem that we would like to answer or solve. The diagram below is one way of 
thinking of the mathematical modeling process.  
 

Mathematical Modeling Process 

 
Figure 1.1: Mathematical Modeling 

 
After we know what question or problem we are interested in, we develop a mathematical model 
of the phenomenon we are studying and we develop mathematical questions or problems that 
parallel our original questions or problems. The development of a mathematical model is an 
iterative process; often involving many revisions and adjustments until we get a mathematical 
representation that has abstracted in a useful way the key ideas in the original situation.  
 
One vital aspect of this abstraction phase of the modeling process is being explicitly clear about 
what assumptions we are making in the creation of the model. Because the model is a 
simplification and because the model is an abstract representation, we need to keep careful track 
of what we are ignoring, what we are simplifying, what we are adding, and in general, we must 
note all of our assumptions about how the mathematical model is representing the original 
situation. 
 
Once we have a mathematical model we can bring the power of mathematical concepts, tools, 
and techniques to bear on quantitatively analyzing the situation. Depending on the model, we 
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make use of algebra, geometry, statistics, calculus, or other mathematical techniques in gaining 
insight into the properties of the mathematical model. 
 
The final phase of mathematical modeling, one that is also often iterative, involves interpreting 
the mathematical results of our calculations and computations in terms of the original situation. 
In the end, we need to analyze the mathematical solutions and insights we gained from the model 
and apply them in answering our original questions and solving our original problem.  
 
ACTIVITY 1-1  Brainstorming Mathematical Models 
Objective: Analyze and compare and contrast various constructs/settings. 
Materials:   
 DL-H1: Brainstorming Mathematical Models Activity Worksheet 
 
1. What do the constructs below have in common? What concepts or ideas might be involved in 
a mathematical model that would apply to parts of every one of these settings? Address the 
questions within the settings to help guide your discussion. 
 
Rainforest Canopy. Think about how the top of a dense rain forest looks when viewed from 
above, and in particular think about how trees interact with each other. 
 
Red-wing Blackbird Territories. Red-wing blackbirds (Agelaius phoeniceus) are very 
territorial and often large numbers of birds build nests in the same general area. How might their 
territories be defined? Think about the dynamics involved when several birds try to claim and 
defend various spots—what is likely to influence which bird will win? 
 
African Cichlid Nests. The males of this species of fish (Tilapia mossambica) create nests in the 
sand by blowing sand in all directions away from a central point. Often these fish nest in dense 
schools and the result is that they are all blowing sand at each other. Assuming equal sand-
blowing capacity, where does the sand wind up? 
 
Fire Ant Colonies. Fire ants (Solenopsis invicta) are very aggressive and not only toward their 
prey or humans that stumble into their territory. When multiple colonies are formed in close 
proximity to one another, fire ants will aggressively defend their home turf. Given a field with 
many colonies in it, where do you expect the battles to be fiercest?  What do you think a map of 
territories would look like? Why? 
 
Cell Differentiation in Cabbage Butterflies. (Pieris rapae). In their pupal state, a butterfly’s 
wings develop as a sheet of uniform cells turn into two different kinds of cells, one largerthan the 
other. Interestingly, two large cells never appear next to each other. What mechanism might be 
responsible for determining which of the initially uniform cells (any cell could become a large 
cell) become large? What keeps other cells from becoming large? 
 
2. Discuss and describe how space is affected in the above five situations. Consider how the use 
of space in turn affects the behavior of organisms in the five different situations. 
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3. Identify at least four of the most basic concepts one could use in analyzing all five situations. 
Identifying these basic commonalities involves the process of abstraction—or in this case, the 
process of seeing how several seemingly different scenarios can all be represented in the same 
way, using the same basic ideas. 
 
Hint: The commonality is a mathematical diagram with three key pieces that relate to one another 
in the same way in all five scenarios. At the core of this representation or diagram is a geometrical 
concept. 
 
List your possible basic common concepts: 
 

a.                                                                        b.          
 
 

c.      d.    
 
 

e.                                                                        f.     
 

 
4. Consider the following additional situations. Do the basic common concepts you listed above 
apply to these new settings? Explain. Address the questions within the settings to help guide your 
discussion. 
 
Bark Beetle Invasions. Bark beetles (Tomicus piniperda) attack trees by boring through the bark 
and down to the wood where they spread out horizontally. Bark beetles attack trees in large 
swarms, however the success of the attack depends on how closely spaced the beetles are. S 
beetles land on a tree and begin to find places to bore, how does the point of attack of one beetle 
affect the points of attack of other beetles? How might the spacing be optimized so enough bark 
beetles obtain food, but also so they are not too closely packed resulting in not enough food? 
 
Measuring Forest Age. Consider the problem of determining the ages of different sections of 
forest from a satellite image that only reveals where the trees are. How might young, medium-
age, and mature trees be spaced and why? How might a mathematical biologist analyze the 
distribution of trees and conclude something about their ages? 
 
School Districts. In large cities, there might be many elementary schools and in these cities, 
school districts are drawn that determine which schools students should attend. If we assume that 
factors such as transportation, size of school, geographical obstacles (e.g., highways, rivers, 
factories, etc.) do not vary from one district to another, what school does it make sense for each 
child to attend? In this ideal situation, what is true about the areas defined by the school districts? 
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Proximity 
 
In each scenario, proximity plays a key role in defining the regions around their respective 
centers. With that in mind, you can geometrically see how boundaries might develop. Consider 
the situation in Figure 1.1 below. 
 
 
 
 
 

     Nest 1 
 

   Nest 2 
 
 

Figure 1.1: Proximity and Boundaries 
 
In mathematically looking at this scenario, we identify the two nests as centers. In particular, 
each center most influences those points that are closer to it than to any other center. We call this 
relationship the nearest-neighbor principle.  
 
Questions for Discussion 
 
1. What does the line draw in the figure represent? 
 
2. Geometrically, what is this line? Is there a geometric name for it? 
 

The mathematical model that is used to study aspects of all of the situations described above 
makes use of the nearest-neighbor principle and of perpendicular bisectors in partitioning a 
plane. The line above is the perpendicular bisector of the line segment connecting the two 
nests. All the points on the perpendicular bisector are equidistant from the two nests; points on 
either side of this line are closer to one of the nests than the other. The model is referred to as a 
Voronoi diagram. The name comes from Georgii Voronoi (sometimes also spelled Georgy 
Voronoy) the mathematician who first studied the mathematical properties of such planar tilings 
in 1908.[1] 
 

  
Figure 1.2: Examples of Voronoi Diagrams 
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The Nearest-Neighbor Principle in Action 
 
The following provide examples of the nearest-neighbor principle.  
 

Example 1. An animal that is protecting its territory against intruders will have 
the easiest time defending the space that is closer to its nest or den than it is to any 
other nest or den. The animal will spend most of its energy defending its territory 
against its nearest neighbors; the ones whose territories border its own. The result 
is that an animal’s territory will consist of those points that are closer to its nest 
than to any other animal’s nest. 
 
Example 2. Fish that are blowing sand at each other to dig out a nesting bowl, 
assuming equal sand-spitting ability, will only be most successful in blowing 
away the sand that is closer to the center of their nest than it is to the center of 
another fish’s nest. As for the space that is equidistant from two nests; that is the 
“no-fish’s” zone where the fish will be equally successful (or equally 
unsuccessful) at clearing sand. The sand will pile up on the perpendicular 
bisectors between adjacent nests because on either side of this boundary, one fish 
will be more successful than the other at blowing away the sand. The result is a 
patchwork of ridges of sand that are halfway between fish that are each other’s 
nearest neighbors. 
 
Example 3. Cells that are about to divide will most quickly have an impact on the 
cells they are adjacent to; their nearest neighbors. Although much is yet unclear 
about how inter-cell communication takes place, it is likely that the cell 
messaging is chemically based and that therefore a change in one cell’s chemical 
makeup is most likely to be detected by the cells it is in contact with. 
 
Example 4. Tree growth, at both ends: the roots and the crown, is likely to spread 
out into those spaces that are unoccupied by another tree’s roots or crown. Where 
they meet, they will continue to grow along and on their respective sides of the 
perpendicular bisector that runs through their first point of contact. Clearly tree 
growth is not perfectly circular; so we are making an assumption here, but one 
that seems reasonable. Consider the ideal situation of circular trees beginning to 
grow at the same time and growing at equal rates. The circles that represent the 
areas they occupy will expand equally until they meet and then the point of 
contact will flatten out and become regions of occupancy whose boundaries are 
the perpendicular bisectors between the points from which the trees began 
growing. 

 
In the case of territorial defense, there is a clear physical reason why an animal’s territory will 
consist of the points it is closest to: Imagine a bird that has to fly twice as far as another bird to 
defend a spot in the meadow. The bird that is flying further will spend more time trying to 
defend that spot than the other bird and will expend more total energy flying and fighting than 
the closer bird. The likely result, assuming roughly equal strength among the birds, is that the 
closer bird will win the battle. If we generalize, any given bird will have the easiest time 
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defending the space that is closer to its nest than to any other nest. Evolution will select for 
animals that fight the fights they can most easily win and these are the battles that take place 
closest to home. Think of it as a home-field advantage. 
In terms of physics, the nearest-neighbor principle is driven by the concept of energy 
minimization. Red-wing blackbirds, blown sand, a growing tree, and school children all expend 
on average the least amount of energy by focusing their efforts on their nearest neighbors. Soap 
bubbles do the same thing. Because of surface tension, the intermolecular force that causes 
liquids to self attract, when films of liquid form bubbles the films will occupy the least amount of 
surface area possible. To not do so would require energy to overcome the attraction due to 
surface tension. If you look closely at a cluster of bubbles, you will see panes of bubbles defining 
three-dimensional Voronoi polyhedra. 
 
ACTIVITY 1-2 Applying the Nearest -Neighbor Principle 
Objective: Understand and apply the concept of nearest-neighbor. 
Materials 
 DL-H2: Applying the Nearest-Neighbor Principle Activity Worksheet 
 
1. For each scenario from Activity 1-1, identify what plays the roles of center, region and 
boundary, and explain how the nearest-neighbor principle applies to the boundary formation. 
 
Rainforest Canopy Centers: 
Regions:  Boundaries: 
NNP:   
 
 
 
 
 
R-W Blackbird Territories   Centers: 
Regions:  Boundaries: 
NNP:   
 
 
 

 
African Cichlid Nests  Centers: 
Regions:  Boundaries: 
NNP:   
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Cell Differentiation   Centers: 
Regions:   Boundaries: 
NNP: 
 
 
 

 
Bark Beetle Invasions  Centers: 
Regions:   Boundaries: 
NNP:   
 
 
  
 
Measuring Forest Age  Centers: 
Regions:                                                       
 

Boundaries: 

NNP:   
 
 
 

 
 
2. Sketch a Voronoi diagram for the centers shown below. 
 

 
 
 
 
Practice 
 
Voronoi Diagrams are tilings or tessellations on the plane in which regions are defined around 
centers so that each region contains all of the points in the plane that are closer to the enclosed 
center than to any other center. The boundaries between adjacent regions are the perpendicular 
bisectors of the line segments joining pairs of adjacent centers. 
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1. Without using precise mathematical techniques, sketch as best you can where the boundaries 
for the centers in each scenario belong. 
 

 

Scenario A Scenario B 
 
 
 

 

Scenario C  Scenario D 

 

 

Scenario E  Scenario F 
 
 

 

2. What are some ways to check and see if your Voronoi Diagram is correct?  
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Lesson 2  Mathematics of Voronoi Diagrams 
 
How do animals or cells construct their regions and boundaries? How can we construct Voronoi 
diagrams? Can we get computers to construct Voronoi diagrams for us? 
 
Voronoi Diagram Development 
 
Obviously animals, trees, and cells do not use computers or math to define their territories or 
regions of influence. The dynamics associated with minimizing energy expenditures, equally 
opposing forces, and paying attention only to one’s nearest neighbors naturally leads to the 
partitions of space that we saw in Lesson 1. Scientists and mathematician use Voronoi diagrams 
to model these partitions. Historically, it is interesting that one of the first people to study nearest 
neighbor partitions of space in 1908, the Russian mathematician Georgii Voronoi, was only 
focused on their mathematical properties. He had no real applications of the model in mind. 
 
At the heart of Voronoi diagrams is a very simple idea from Lesson 1 that gets used repeatedly. 
Given two points, called centers, in the plane, the perpendicular bisector of the line segment that 
joins the two centers divides the plane into two half planes, each containing one of the two 
centers. Each half plane, in addition to containing one of the two centers, contains all the other 
points in the plane that are closer to the contained center than to the other center. The points that 
make up the perpendicular bisector are the points in the plane that are equidistant from the two 
centers. This concept is depicted in Figure 2.1 below. 
 
 
 
 
 

P1 
 

P2 
 
 

 
Figure 2.1: Dividing Space Closest to Given Points 

 
ACTIVITY 2-1 It’s All in The Fold 
Objective: Explore the mathematical properties of Voronoi diagrams. 
Materials: 
 DL-H3: It’s All in The Fold Activity Worksheet 
 Tracing Paper (2-3 sheets per student) 
 
This activity helps you explore the mathematical properties of Voronoi diagrams. Being as 
precise and careful as you can is important. As you work through the directions be alert for 
mathematical relationships and conjectures you might make about Voronoi diagrams and their 
properties. 
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1. Take a piece of tracing paper or thin notebook paper and make two small dark dots on it 
separated by about 7cm. Call these dots centers. Fold the paper so that one center is exactly on 
top of the other center and smooth out the paper making a crisp crease in the paper. (Hint: at first 
fold the paper loosely without making a crease until you can see that you have positioned one 
center exactly on top of the other center.) Thin paper will make it easier to see through to the 
bottommost center. Now consider the folded piece of paper. 
 a. What is true about all of the points on the crease relative to the two centers? 
 

b. Which point on the crease is closest to the two centers? What is true about this point? 
 
 c. Where are the points that are closer to one of the centers than the other center? 
 

d. Can you find pairs of points on the crease that are equidistant from the two centers? What 
is true about these pairs of points? 
 
e. What else do you notice about the geometrical relationships present in this folded piece of 
paper? 

 
2. Take an 8.5” by 11” piece of tracing paper or thin notebook paper and make three small dots 
that form the corners of a triangle. The triangle can be any kind of triangle (e.g., right, acute, 
scalene, isosceles, etc.). Each side of the triangle should be between 4cm and 16cm in length. 
Make a triangle that is different from your neighbor’s triangle. 
 
Call these three dots centers. Imagine that they are red-wing blackbird nests and that you are 
going to construct the boundaries between the birds’ territories. Now make three folds. For each 
fold, make sure that one center is exactly on top of another center and smooth out the paper 
making a crisp crease in the paper.  
 
Examine the unfolded piece of paper and trace along the creases. They are the boundaries 
between the territories. Note that you will only use parts of the creases you made. When two 
creases meet, another crease will also be present. So you will only draw parts of three lines (i.e., 
you will be drawing three rays that have a common endpoint). 

a. Consider the three centers, why is it that the three perpendicular bisectors intersect at the 
same point? 

 
b What is true about the point of intersection of the three perpendicular bisectors relative to 
the three center points you began with? 
 
c. Use a compass and draw a circle centered on the point where the perpendicular bisectors 
intersect and that passes through one of the three centers. What do you notice? 
 
d. Suppose you were studying a Voronoi diagram and noticed that six perpendicular bisectors 
all met at the same point. What could you conclude about the centers that were used to define 
the perpendicular bisectors? 
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3. Take a sheet of tracing paper and locate five centers on it as follows (it might help to use thin 
graph paper or to place the tracing paper on top of graph paper ruled with 4 or 5 squares to the 
inch): 
 
Place the first center near the center of the page and call its coordinates (0,0). Next, measuring in 
inches, locate four more centers at these coordinates relative to the first one: (-2, 0), (-1, -2), (2, -
2), and (1, 2). Now fold the paper eight times, once for each pair of adjacent centers. Take care to 
precisely superimpose the centers before making a crease and just start the crease at the midpoint 
between the two superimposed centers—do not extend the crease very far. 
 
Do not crease the paper further than you need to as soon one crease will run into another crease 
at which point a third crease will take over. Start two creases and then extend them only until 
they meet. Work carefully and think about what the finished creases will look like before you 
make them final. 
 
When you are done, trace the creases with a ruler and pencil.  How accurate were your folds? If 
you were precise in aligning the centers, wherever two creases meet, a third crease should also 
meet at the exact same point. 
 

a. Using a compass, draw circles centered at the intersections of the perpendicular bisectors 
that pass through the relevant nearest neighbors. Explain why this circle contains the centers 
it does. 

 
b. Laying the tracing paper over graph paper, estimate the coordinates of the corners of the 
central Voronoi Region. Estimate or calculate the area of this inner Voronoi Region. 

 
c. Can you imagine doing this for a map of a meadow with 100 bird nests in it?! There’s got 
to be a better way than folding paper. Begin now to figure out what it is. What are the key 
steps you would need to take in constructing a mathematically precise perpendicular bisector 
between two centers? 

 
d. Suppose that the coordinates of the two centers are (0, 0) and (2, -2), how could you find 
the equation of the line (in y = mx + b form) of the perpendicular bisector? 
Hint: what are the coordinates of a point you know the perpendicular bisector passes through, 
and how can you calculate the slope of the perpendicular bisector? 
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The Mathematics of a Voronoi Diagram 
 
In constructing a Voronoi diagram, when two perpendicular bisectors meet, it is because the two 
pairs of centers that generated the perpendicular bisectors share a center. In all there are three 
centers involved. Therefore the perpendicular bisector of the third pair of centers that can be 
formed will also pass through the point where the perpendicular bisectors of the first two pairs 
intersect. Because the points on any one perpendicular bisector are equidistant from the two 
centers that generated it, the point of intersection of two perpendicular bisectors is equidistant 
from the three centers that generated the perpendicular bisectors. Three points that are 
equidistant from a third point must lie on a circle centered on the third point. These points, in 
fact, define a unique circle.  
 
In the figure below, points A, B, and C are all equidistant from point D; the line segments 
between them and D are all radii of the circle centered at point D; the rays j, k, and l are the 
perpendicular bisectors of the respective pairs of points, A & B, B & C, and C & A. 

 

Figure 2.2: Circle Superimposed on Voronoi Diagram 
 
In constructing Voronoi diagrams, both distance and direction are important in determining the 
location of the boundaries between adjacent neighbors. Knowing that two centers are simply 
close to one another is not sufficient to conclude that their Voronoi Regions will share a border, 
as there could be another center between them. For this reason, you can’t limit your attention to 
the centers that are nearest to a given center. Proximity matters—and by proximity we mean both 
distance and direction. 
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The midpoint between two adjacent centers might not be part of the boundary between them. 
Sometimes boundaries between two adjacent centers only become relevant far from the influence 
of other centers. 
 

Figure 2.3: Distance and Direction in Nearest Neighbors 
 
In the Voronoi diagram above, note that center A shares no boundary with center C even though 
center C is closer to A than is D or E. Being close to another center is not enough, the direction 
and overall relationships with other centers are needed in addition to distance information to 
decide which centers are nearest neighbors, and therefore adjacent. Note also in the diagram 
above that although centers D and E are adjacent, and therefore share a boundary, the boundary 
does not include the midpoint of the line segment joining E and D. 
 
In working with Voronoi diagrams, by adjacent centers we mean centers whose Voronoi Regions 
share a border. Determining which centers are adjacent or relevant for a particular part of the 
Voronoi diagram can be tricky. 
 
Constructing a Mathematically Precise Voronoi Diagram 
 
The key to making a precise Voronoi diagram is knowing where to draw the lines! Many lines 
need to be drawn and regardless of whether humans or computers draw them, we need to define 
them in mathematically precise terms. For the straight-line segments that make up a Voronoi 
diagram, a precise definition entails the equation of the relevant perpendicular bisectors, or the 
equations of lines in the form y = mx + b and the coordinates of two points (x, y) that serve as 
endpoints of each line segment. Because these endpoints will be the intersections of the 
perpendicular bisectors, the endpoints’ coordinates can be calculated by finding the point of 
intersection of two relevant perpendicular bisectors. In constructing a Voronoi diagram we apply 
the preceding overview multiple times, once for each of the boundaries we need to determine. 
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The algorithm below summarizes the generic process just described and breaks each of the parts 
down into smaller pieces. The general formulas are derived side-by-side with specific numerical 
examples. The importance of generating a formula is so that we can skip ahead and not have to 
perform each step every time in isolation. 
 

Voronoi Diagram Construction Algorithm 
 
1. Find two adjacent centers for which you need to determine the equation of their boundary (the 
perpendicular bisector associated with them). Call these points P1 and P2 and label their 
coordinates  1 1,x y and  2 2,x y . 

 
The specific case of: The generic case: 

   (-2, 0) and (1, 2).       1 1,x y and  2 2,x y . 

 
2. Find the midpoint of the line segment that joins the two adjacent centers. The coordinates of 
the midpoint of a line segment are the averages of the x- and y-coordinates. The perpendicular 
bisector passes through this point. 
 

Specific Case Generic Case 
2 1

2

 
 
and

 

0 2

2


 
 1 2

2

x x
and  

1 2

2

y y
 

1
,1

2
  
    

1 2 1 2,
2 2

x x y y  
 
 

 

 
3. Find the slope of the perpendicular bisector of the line segment joining the two centers. This 
slope can be calculated from the slope of the line segments joining the two centers; lines that are 
parallel have negative reciprocal slopes. 
 

Specific Case Generic Case 

2 0

1 ( 2)
m

 
    

 
1 2

1 2

y y

x x




 

2

3
m 

  
1 2

1 2

y y
m

x x




  

 
4. Find the y-intercept of the perpendicular bisector by substituting the coordinates of the 
midpoint and the slope into the equation y = mx + b and then solve for b. 
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In this Activity 2-2, we will work with the five centers that you folded a Voronoi diagram 
around: A (0, 0), B (-2, 0), C (-1, -2), D (2, -2), and E (1, 2). Your goal is to compute the exact 
Voronoi diagram for these five centers. To do so, you will need to calculate the equations of the 
perpendicular bisectors and the coordinates of their relevant intersections. Because there is so 
much work involved, you should divide up the different tasks and efficiently assign different 
tasks to different groups. Note that some later tasks will require the same results from earlier 
tasks. Try to avoid redundant efforts—unless you want to use the redundancy to check your 
work. 
 

ACTIVITY 2-2 Coordinate Geometry to the Rescue 
Objective: Understand how to construct a mathematically correct Voronoi diagram. 
Materials: 
 DL-H4: Coordinate Geometry to the Rescue Activity Worksheet 
 

In Figure 2.4 there are eight lines for which we need to determine equations and there are four 
points at which these lines intersect. We need to determine the coordinates of these four 
intersection points, as they are endpoints of the line segments or rays that form the Voronoi 
diagram. 
 

Figure 2.4: Five Centers and Estimate of Voronoi Diagram 
 
1. Draw a coordinate grid on the diagram. Label the lines and points that you will find. 
 
2. Find the equation of the eight boundary lines. 
 
3. Find the coordinates of the four intersection points. 
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Extension 
 
The VoroGlide applet, available at 

http://www.pi6.fernuni-hagen.de/GeomLab/VoroGlide/index.html.en, 
is a powerful interactive tool for working with Voronoi diagrams.[2]  
 
The directions for using the applet are available in the applet itself and on the website. The 
interactive nature of the applet allows you to create and delete centers as well as move centers 
around while the Voronoi boundaries are updated continuously. You can study diagrams you 
create quantitatively by printing the applet window onto graph paper. You can also place centers 
more precisely by placing a transparency sheet with a grid printed on it on the computer screen 
to guide where to place centers. Note, however that in the latter case that printing the window on 
the grid paper used to make the transparency might not align perfectly with the grid. But printing 
the applet window onto plain paper (and perhaps resizing via the zoom feature on many copiers) 
and then aligning it with the transparency grid before copying may yield better results. 
 

 
 

Figure 2.5: Screen Captures From Voronoi Applet 
 

In Figure 2.5, one point has been dragged from the center of the left image to the right side of the 
right image where it is now between two other centers. Can you identify the point? Watching the 
boundaries being redrawn instantly as a center is dragged around the diagram is a very engaging 
demonstration. This interactivity can be used to demonstrate many properties of Voronoi 
diagrams. 
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Figure 2.6: Showing Pairs of Centers Meeting at a Common Point 
 
In Figure 2.6, we see how pairs of centers whose perpendicular bisectors meet in a common 
point all lie on a circle. In Figure 2.7 we see what happens when a new center is placed at this 
intersection. 
 

 
 

Figure 2.7: Adding a New Center Point 
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Practice 
 
1. Use the applet to further explore Voronoi diagrams. State 3 observations made in your 
exploration.  
 
2. Read the Sample Case Study: Parus major Nest-site Selection and be prepared to discuss in 
Lesson 3. 
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Lesson 3  Sample Case Study: Parus major Nest-site Selection 
 
Many birds migrate seasonally. In the case of Parus major, a species native to England, birds 
migrate south in the wintertime. In the spring, birds fly back north to establish territories and 
build nests. These territories are critically important to the birds–a good territory will help attract 
a high quality mate, and it will provide food and shelter. Having close and large sources of food 
is important for raising chicks, and in the case of Parus major, caterpillars are one of their main 
food sources. Caterpillars are often found on Oak trees (Quercus spp.). So, if you are a bird, 
choosing a habitat with good access to oak trees might be an important factor in successfully 
raising offspring. However, oak trees are not always distributed evenly, and not every bird will 
be able to nest near an oak tree due to space constraints. Furthermore, caterpillars are not 
unlimited–there are only so many caterpillars to go around. Thus, birds compete with their 
neighbors for caterpillar access! 
 
Main Question/Problem:  What factors influence a bird’s choice of a nest site; and, how does 
nest site quality matter to a bird? 
 
Questions for Discussion 
 
1. Take a moment to make an initial hypothesis about how the number of eggs a pair of birds 
hatches is related to the size of the pair’s territory. 
 
2. Questions surrounding a bird’s choice of nest site may seem simple, but the problem is 
actually quite complex. In order to answer the questions, what data might be necessary? Make a 
list below of the kinds of data a biologist might need to develop a precise model that could help 
answer these seemingly simple questions. 
  
 
Using GPS and GIS 
 
To answer these questions, some researchers went out to a site in Wytham Woods, a Parus major 
habitat in the United Kingdom near Oxford, England to try to answer these questions. Until 
recently, these types of questions were unanswerable on a large scale; however, the advent of 
GPS (Global Positioning System) and GIS (Geographic Information Systems) analysis have 
quickly become mainstream both in everyday life and in scientific research. In biology, GPS 
makes possible spatial analyses that answer a wide range of questions. In this case, biologists 
used GPS data to create a Voronoi diagram. An analysis of the properties of the Voronoi diagram 
helped answer the ecological question about Parus major territories and nesting. 
 
As you can see in the aerial photo below of Wytham Woods, the woods are surrounded by 
farmland and by some former farmland that is slowly returning to a wild state. It is important to 
note that these birds do not nest in open grassland. 
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Wytham Woods composite map © Google Maps 

Figure 3.1: Aerial Photo of Wytham Woods 
 
And here is a breakdown of the area by type of habitat: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Wytham Woods composite map © Google Maps 
Figure 3.2: Wytham Woods Habitat Management History 

 
Wytham Woods has an interesting history. Over time, much of the land has been used for various 
purposes. Areas have been cleared for farmland, and then at various later times been allowed to 
re-grow into forest. The map above represents areas in different states of regeneration. The 
development of a forest over time is called ecological succession, and it follows a fundamental 
biological principle. Ecological succession describes predictable and orderly changes in the 
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composition or structure of a given space. In the Wytham Woods case, grassland areas (in white) 
represent the most recent and simplest stage of succession (i.e., likely reclaimed farmland) with 
just grasses and wildflowers. Over time, other plants will colonize the area (e.g. small shrubs or 
bushes). Eventually larger plants (e.g., a series of different species of trees) will appear and 
dominate the land. Another successional stage represented on the above map is the lightest grey 
due to land that was still farmed during the 20th century as plantations. 
 
As you can probably guess, darker shades of grey represent spatial areas that are in more mature 
stages of succession; that is, over time, trees have had time to colonize and grow. Importantly, 
some of the land in Wytham Woods is very mature, with old forest growth; these areas are the 
darkest grey on the map: the ancient semi-natural woodlands. In biology, we refer to this sort of 
habitat as a climax community. Climax communities appear when succession stops and the 
ecological system arrives at an equilibrium or steady-state environment. At this point, the 
community is stable. Barring major disturbances (such as clear-cutting or a tornado), the forest 
community will persist in the stable state indefinitely. The end point of succession is termed a 
climax community. 
 

 
 

Figure 3.3: Ecological Successions 
 
In the diagram above, habitat (1) represents grassland, and habitat (5) represents the climax 
community: ancient semi-natural woodlands. 
 
Take a closer look at the management history map above. Can you guess what the black points 
might represent? 
 
The black points on the management map represent 3,926 oak trees that researchers mapped 
using GPS technology. Remember, our driving questions are: What factors influence a bird’s 
choice of a nest site; and, how does nest site quality matter to a bird? Now we have three key 
pieces of information: (a) a map of a discrete area, (b) the management history of the area and 
the current habitats it contains, and (c) the locations of 
3,926 oak. What do we need to know next? 
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The reason that researchers chose to work in Wytham Woods is because it has been an active 
area of study for 32 years. For three decades, scientists have been studying Parus major nest sites 
and egg production. Specifically, they have measured numbers of eggs laid, date of egg-laying, 
numbers of chicks hatched, and numbers of chicks that survive, among other data. Researchers 
found 1,020 nest sites, and marked the location of each with a GPS unit. Initially, using GIS 
software, they drew a circle on the map around each nest site – each circle represents a 50meter 
radius from the nest site, as shown below. 
 
 

 
 
Nest photograph by Arnstein Rønning (Own work) [GFDL (http://www.gnu.org/copyleft/fdl.html) or CC-BY-SA-3.0 (http://creativecommons.org/licenses/by-sa/3.0)], via Wikimedia Commons 
Parus Major photograph I, Luc Viatour [GFDL (http://www.gnu.org/copyleft/fdl.html), CC-BY-SA-3.0 (http://creativecommons.org/licenses/by-sa/3.0/) or CC-BY-SA-2.5-2.0-1.0 
(http://creativecommons.org/licenses/by-sa/2.5-2.0-1.0)], via Wikimedia Commons 

Figure 3.4: Nest Sites of Parus Major 
 
ACTIVITY 3-1 Parus major Case Study 
Objective: Analyze data to address issues and answer questions about a species’ territory and 
habitat 
Materials: 
 DL-H5: Parus major Case Study Activity Worksheet 
 
1. Compare the nest-site map above to the first photograph and to the management map. What do 
you notice, and in particular do you notice any patterns that might relate to how these birds 
choose their nest sites? 
 
2. The biologists’ next step in the analysis was to begin relating some of the many different kinds 
of data to each other. But where do we begin? What kind of Voronoi diagram would you create? 
Using oak trees as centers? Using management types? Edges? Nest sites? 
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Because the birds are territorial, the researchers of Wytham Woods chose to create Voronoi 
diagrams using nest sites as centers. This decision makes sense because of an application of the 
nearest-neighbor principle to bird foraging behavior. The underlying dynamic is that a bird 
conserves energy by foraging as close to its nest as possible, especially when it makes almost 
constant trips to and from the nest while feeding its hatchlings. Therefore, the quality of the 
habitat nearer to a given bird’s nest than to any other bird’s nest is likely to matter most to the 
given bird (the bird nearest to that specific piece of habitat). So it is reasonable to expect an 
analysis of Voronoi diagrams, in relation to other data, to provide insights into nest-site 
selection. The resulting Voronoi diagram is shown below. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.5: Voronoi Diagram Using Nest Sites as Centers 
 
3. What do you notice about the Voronoi diagram above and what might you want to know next 
in order to answer the driving questions for this case study? 
 
After collecting some additional data, the biologists were in a position to answer their driving 
question: what factors influence a bird’s choice of a nest site; and, how does nest site quality 
matter to a bird? The biologists posed several sub-questions which, taken together, led to an 
overall answer: 
 i. Do larger Voronoi polygons provide more oak-tree access? 
 ii. Do larger Voronoi polygons contain more caterpillars? 
 iii. Are more Voronoi polygons located in climax forest communities? 
 iv. What are the sizes of Voronoi polygons located in climax forest communities? 
 v. Are more eggs laid (larger clutch sizes) in larger Voronoi polygons? 
The next four charts provide data to help answer these sub-questions. After studying these charts, 
come up with the best answer you can to the driving question of this case study. 
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Figure 3.6.a: Number of Oak Trees 
 

 
 

Figure 3.6.b: Number of Caterpillars 
 
 
 



 

Drawing Lines    Student 27 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3.6.c: Polygons Per Habitat Type 
 

 
 

Figure 3.6.d: Average Clutch Size 
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Case Study Solution and Questions for Discussion 
 
Note on Interpreting Apparent Correlations: In discussing what conclusions to draw from these 
four figures, remember, “correlation does not prove causation”. Just because two variables are 
correlated with one another does not mean that an increase in one “causes” an increase in the 
other. It could well be that the two variables are independent of one another and that changes in 
each of them is due to another cause. 
 
Of course in some cases, one sort of “cause” is clear if some careful assumptions are made. For 
example, if the distribution of caterpillars is uniform, then it will be true that an increase in the 
area one focuses on will lead to an increased number of caterpillars found in the area. But this is 
not a cause and effect relationship that reveals something interesting that will explain some 
mystery; in this situation there is no mystery! 
 
4. What can you conclude about the dynamics at work in this situation? 
 
5. What additional research might be done to better understand the Parus major nesting habits 
and reproduction? 
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Lesson 4  Selection of and Work on a Case Study 
 
Case Study Project Assignment 
 
Introduction:  You are a biomathematician conducting research on the application of 
Voronoi diagrams to various biological phenomena. You and your team will select one 
particular biological phenomenon to study in more depth. 
 
Task: Study a biological application of a Voronoi diagram; and prepare a presentation of the 
case study you select. You will present the results of your study during a mini- conference, 
similar to a scientific conference at which biologists or mathematicians would present their 
research findings to their colleagues. 
 
Process: 
1. Choose one of the case studies available from your teacher, or define your own. 
 
2. Study the case study and make sure you understand what you need to do. 
 
3. Develop a plan for dividing up the work required among your group’s members. 
 
4. Explore the problem posed by your case study’s driving question, problem, or prompt. 
 
5. Create your product and prepare your 10-minute summary presentation. 
 
Final Product: 
Choose to present your case study as a PowerPoint presentation or as a poster (an 
organized display of sheets of paper). Your presentation should be a combination of 
images, diagrams, mathematical calculations, tables or graphs of data, and text. 
 
Content of Final Product 
Whether as a PowerPoint presentation or a paper poster, your product must have the 
following parts: 
 
1. Introduction 
Give a summary of the biological phenomenon you studied, and state the driving question or 
central problem of the case study. 
 
2. Application of Voronoi Model 
Explain why a Voronoi diagram was used to model the biological phenomenon; in particular 
explain what the Voronoi centers, boundaries, and regions represent and why a nearest-
neighbor principle applies to the phenomenon. 
 
3. Methods 
Explain both what was done in setting up the case study and what you did to finish it. For 
example in some cases, Voronoi diagrams and/or statistics will have been provided leaving you 
free to perform other calculations, while in other cases, you will need to create a Voronoi 
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diagram. Explain all the things that were done to answer the driving question or problem of the 
case. Provide a detailed example of any calculations you do, but you do not need to show all of 
your work. 
 
4. Results 
Present the final data on which you based your conclusions, and state clearly your answers or 
solutions. This section is where you present and explain your findings. 
 
5. Conclusion 
State briefly the value of your findings and also state any questions that remain unanswered. 
Especially indicate if new questions have arisen that would require more study. Suggest how 
future research might continue and add to your work. Finally, include any references you used in 
your work. 
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Lesson 5   Biological Voronoi Diagram Mini-Conference  
 
Today the class will conduct a mini scientific conference where each group presents a paper 
poster or a PowerPoint version of their case. In either format, each group should give a 10-
minute summary presentation of their case study and answer a few questions from the audience.  
 
During the presentation of the case study posters, you may ask each other questions. The focus of 
your questions should be on the nature of each situation and the use of a Voronoi diagram to 
represent or model it, as well as on the consequences or implications of a Voronoi model for 
understanding the situation. 
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Glossary 
 
Boundaries – a perceived or actual line marking the limits of, or defining, a particular area. 
 
Centers – the middle or focal point of a particular area or region. 
 
Ecological succession – the predictable and orderly development in the composition or structure 
of a given space. 
 
GIS (geographic information systems) – a computer system that captures, stores, manages, 
analyzes and presents various types of geographical information. 
 
GPS (global positioning system) – a satellite based navigation system that provides location 
and time information anywhere on or near the Earth’s surface where there is line-of-sight to four 
of the system’s satellites. 
 
Habitat – the natural home or environment of a living animal, plant or organism. 
 
Mathematical model – a description of a system or scenario using mathematical concepts, terms 
and language. 
 
Nearest-neighbor principle – the relationships between the influences of points that are closer 
in proximity to each other than to other points. 
 
Parus major – a territorial woodland bird found in Europe, Middle East, Central and Northern 
Asia and North Africa, that does not migrate. 
 
Proximity – a description of nearness in terms of space or time.  
 
Region – an area of space having defined characteristics. 
 
Tessellation – a pattern made by putting together shapes that cover an area without any gaps of 
overlapping (also called tiling). 
 
Tiling – a pattern made by putting together shapes that cover an area without any gaps or 
overlapping (also called tessellation). 
 
Voronoi diagram – a method of dividing space into regions based on a set of points, where the 
space in a region is closest to the point in that region than to any other point in the space. 
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