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Coda for Mathematicians

We have discussed a number of examples to show the variety of experiences which this collection is intended
to encompass. They illustrate situations from everyday life, from citizenship, and from major quantitative dis-
ciplines, situations chosen because they lend themselves to brief introductory experiences in mathematical
modeling. Don’t get the impression that all of this is an unnatural demand on mathematics education. Far
from it, it strengthens the affinity between pure mathematics and its applications. The heart of mathematical
modeling, as we have seen, is problem formulating before problem solving. So often in mathematics, we say
“prove the following theorem” or “solve the following problem”. When we start at this point, we are ignoring
the fact that finding the theorem or the right problem was a large part of the battle. By emphasizing problem
finding, mathematical modeling brings back to mathematics education this aspect of our subject, and greatly
reinforces the unity of the total mathematical experience.

Coda for Mathematics Educators

Probably 40 years ago, | was an invited guest at a national summer conference whose purpose was to grade
the AP Examinations in Calculus. When I arrived, | found myself in the middle of a debate occasioned by the
need to evaluate a particular student’s solution of a problem. The problem was to find the volume of a
particular solid which was inside a unit three-dimensional cube. The student had set up the relevant integrals
correctly, but had made a computational error at the end and came up with an answer in the millions. (He mul-
tiplied instead of dividing by some power of 10.) The two sides of the debate had very different ideas about
how to allocate the ten possible points. Side 1 argued, “He set everything up correctly, he knew what he was
doing, he made a silly numerical error, let’s take offa point.” Side 2 argued, “He must have been sound asleep!
How can a solid inside a unit cube have a volume in the millions?! It shows no judgment at all. Let’s give him
a point.”

My recollection is that Side 1 won the argument, by a large margin. But now suppose the problem had been
set in a mathematical modeling context. Then it would no longer be an argument just from the traditional
mathematics point of view. In a mathematical modeling situation, pure mathematics loses some of its sover-
eignty. The quality of a result is judged not only by the correctness of the mathematics done within the
idealized mathematical situation, but also by the success of the confrontation with reality at the end. If the
result doesn’t make sense in terms of the original situation in the real world, it’s not an acceptable solution.

How would you vote?
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A NOTE ON TEACHER EDUCATION
AND PROFESSIONAL DEVELOPMENT

While this Handbook was written with the goal of providing CCSSM-aligned, “ready-made” worksheets for
high school teachers to distribute for student use, it also can be adapted easily for use in undergraduate teacher
education programs, pre- and in-service training programs, and professional development. The editors would
like to recommend some uses of the Handbook for those working within these contexts.

In the early years of CCSSM, a large task will be leading all types of teachers to an understanding of exactly what
mathematical modeling is. Henry O. Pollak’s introductory essay in this Handbook should help begin to forge
this understanding. To further its development, future and current teachers should analyze the progression
of each of the modules with particular focus on how students are led to think. This progression closely repli-
cates the processes a working mathematician would use to model. Once the thinking process is understood,
an understanding of modeling as a whole will begin to blossom.

The modules in the Handbook were written to be accessible to most students. Every student is unique and it
is reasonable to try to adapt the modules to the needs of different students. Adaptation is another task that
can be undertaken in teacher education and professional development programs. Consideration of students’
needs, capabilities, and interests is important and adaptation of the modules in this Handbook is encouraged,
given that the modeling process - from variable identification to model revision or refinement and reporting
the results - is maintained.

A prepared teacher is one who, among other things, anticipates how students will respond to questions and
tasks. Another possible task that can be undertaken in teacher education and professional development is try-
ing to anticipate how students will answer the questions posed in the modules, what questions will cause
trouble, and how to respond to these. A prepared teacher also will try to determine what to do to help
students persevere in developing the model and, if necessary, what extra information can be provided to a
student without “giving away” the solution. Determining other mathematically valid types of models besides
those presented in the “Possible Solutions” section is also helpful. A task such as this is one all teachers should
learn to undertake before teaching a particular lesson.

An interesting teacher education or professional development task would be to determine where the use of
these lessons can be taught in an interdisciplinary context. Several modules can be adapted easily for use in
science classrooms; some could even be used in the context of social studies, for instance. The act of devel-
oping and teaching interdisciplinary lessons using these modules should help both students and teachers un-
derstand that a person who is capable of - or at least understands - mathematical modeling is an informed
citizen. This is an important lesson to be learned for anyone.

There are various mathematical topics covered within the Handbook that may be unfamiliar to teachers as sev-
eral of them are not frequently taught even in typical undergraduate mathematics courses. This is particularly
true of those topics involving discrete mathematics. The topics covered in the Handbook all have the “typi-
cal” mathematics at their core - number, algebra, geometry, trigonometry, and statistics - but they also
frequently involve mathematics not typically seen in high school curricula. It is well-within reason for teacher
education and professional development programs to engage in some “content preparation”, such as presen-
tations or short courses on the areas of mathematics that are not typically covered in many teacher prepara-
tion curricula that will allow teachers to become more familiar and comfortable with the mathematics
employed in the Handbook.

A final suggestion for professional development tasks related to the use of this Handbook is to determine the
best way to assess students, by both formative and summative means. The act of monitoring and evaluating

students’ cognitive processes is much more difficult than the act monitoring and evaluating their fluency with

xii



or acquisition of facts and procedures. Mathematical modeling is both a procedure and a cognitive process,
so its evaluation is “tricky”. Those engaged in teacher education and professional development programs are
encouraged to devise creative and novel ways to assess the modeling activities included in this Handbook.

All of the activities listed above would generally be addressed during the course of a lesson study. Practicing
teachers might find lesson study to be a valuable professional development activity related to mathematical
modeling, and one that can be undertaken without the need to employ outside resources. Lesson study is a
common activity in Japanese schools and it involves several teachers working collaboratively on a single
lesson or activity in order to understand how to teach it best. While the whole process of lesson study will not
be addressed here, it is recommended that teachers work together to develop plans for exactly how to facili-
tate the teaching of the modeling activities included in this Handbook. Making use of one’s colleagues may
prove to be the most important and helpful lesson to be learned from professional development activities.

This set of tasks is certainly not exhaustive, nor do we claim that all the suggested tasks are necessary. We do

hope, however, that this Handbook provides a valuable and enjoyable resource for teacher education and pro-
fessional development activities related to CCSSM modeling.
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FOR THE BIRDS Heather Gould

Teacher’s Guide — Getting Started Stone Ridge, NY

Purpose

In this two-day lesson, students are challenged to consider the different physical factors that affect real-
world models. Students are asked to find out how long it will take a birdfeeder — with a constant stream of
birds feeding at it — to empty completely.

To begin, explain that the students will be watching over a neighbor’s home. This neighbor is an ornitholo-
gist (a scientist that studies birds) with a birdfeeder to be looked after. Humans can’t come around too often
because it will frighten the birds, but they also can’t come around too infrequently because the birds will
leave if the feeder frequently is empty. The students need to find out when to come back and fill the feeder
to ensure that the neighbor and the birds are all happy.

Prerequisites
Students need to be very strong with algebra as there is a heavy reliance on equation manipulation in the
lesson.

Materials

Required: (For a physical model) Cardboard box, rice (or sand), cylindrical plastic bottle (a Starbucks Ethos
Water bottle, for example), scissors, stopwatches or timers.

Suggested: Graphing paper or a graphing utility.

Optional: None.

Worksheet 1 Guide

The first three pages constitute the first day’s work. Students are given the opportunity to explore a physi-
cal model of a birdfeeder using a cylindrical, plastic bottle as the feeder and rice as the feed. Make sure the
bottle is perfectly or very nearly cylindrical. Use scissors to cut “feed holes” (approximately 1 cm in diame-
ter) in the appropriate spots, as indicated in the lesson. Cover the holes so no rice falls out until the experi-
ment is ready to begin (a few students “plugging up” the holes with their fingers is sufficient). Hold the
model feeder over a cardboard box so the rice doesn’t make a mess. Use stopwatches or other timers to
keep track of the total time it takes to empty as well as each of the time periods elapsed at each of the math-
ematically important moments.

Worksheet 2 Guide

The fourth and fifth pages of the lesson constitute the second day’s work. Students need to find out how to
model various different situations; they’ll learn that each one has a mathematical tie-in to the birdfeeder
problems. It turns out that the mathematical model they created for the birdfeeder is sufficient to solve
each problem, but this is not obvious until connections are made as to how the problems are related mathe-
matically.

CCSSM Addressed

N-Q.1: Use units as a way to understand problems and to guide the solution of multi-step problems; choose
and interpret units consistently in formulas; choose and interpret the scale and the origin in graphs and
data displays.

N-Q.2: Define appropriate quantities for the purpose of descriptive modeling.

A-CED.4: Rearrange formulas to highlight a quantity of interest, using the same reasoning as in solving
equations.



FOR THE BIRDS
Student Name: Date:

Your neighbor, an ornithologist, has to leave for the weekend to do a research study. She has asked you to
make sure her birdfeeder always has food in it so that the birds keep coming back throughout the day.
Refilling too seldom will cause the birds to look elsewhere for food; refilling too much will scare off the
birds.

© Ken Hutchinson | Dreamstime.com

Leading Question
How often should you feed the birds so they keep coming back?



FOR THE BIRDS
Student Name: Date:

1. Your neighbor told you that it's important not to fill the feeder too
often or to fill the feeder too seldom, so how can you determine What'’s mathematically

how often to fill it? important about how the
birdfeeder empties? Are there
any important variables?

2. When you go over first thing in the morning, the birdfeeder — which has 4 holes, one pair near the
bottom and another pair about halfway up (shown in the picture) — is nearly full. You check back 45
minutes later and it’s about half full. When do you expect it to empty again?

e
—

Perches

Feeding
Holes

3. You come back 45 minutes later and it’s still not nearly empty. Why is that? The birds are still coming
by consistently to eat, so they still are hungry. When should you expect the feeder to be nearly empty
and ready for you to fill it again?

4. Describe a method for calculating when the birdfeeder should be empty. Use mathematical notation,
if you can.



FOR THE BIRDS

Student Name: Date:
—— You did so well taking care of your neighbor’s birdfeeder that she recommended
you for a weekend job watching over one of her colleague’s birdfeeders. This bird-
— S feeder has 6 feeding holes, with pairs equally spaced as shown in the picture.

5. The first morning you get there, you notice that the feeder is about 2/3 full. You wait a while and notice
that it takes about 30 minutes before the feeder is about 1/3 full. How long will it take before you need
to refill the feeder? How long will it take for the feeder to need to be refilled after that?

6. Build a mock birdfeeder like the one above to test your answers
from question 5 above. Use a clear, cylindrical container as the
birdfeeder and rice as the food. How well did your mathematical
model agree with your physical model? important events?

How should you track your
findings? Are there certain

7. Write a mathematical description of how to determine how quickly the birdfeeder will empty.

8. Can you generalize the description above? Are your answers from questions 4 and 7 similar? How so?



FOR THE BIRDS
Student Name: Date:

9. You and 3 of your friends are making crafts for a charity sale. All of you work on Saturday and make

180 in all. On Sunday, only 2 of you can work. How many can you expect to have ready for the sale on
Monday morning?

10. There is another charity sale on Saturday. You will make a new type of craft this time. You plan your
schedules so that on Monday, 5 of you work; 4 work on Tuesday; 3 work on Wednesday; 2 work on
Thursday; and only you make the new craft on Friday. There are 360 crafts done by the end of Tuesday.
How many crafts do you expect will be done for the sale?

11. Describe, using words and mathematical notation, how you obtained your answers.

12. Are the birdfeeder problems related to the craft problems? If so, describe the relationship. Is the math-
ematics involved similar? Why or why not?



FOR THE BIRDS
Student Name: Date:

13. You are starting a weekend landscaping business. After the first day, you only finished 25% of the week-
end’s work. How many friends do you need to hire for tomorrow to help you make sure all the work
gets done on time?

14. How is question 13 above similar to the birdfeeder and craft problems? How is it different? What math-
ematical ideas, if any, are similar? Did you use similar methods?

15. What other types of problems use methods similar to those used above? Make up and solve a problem
that uses those methods.

16. What are the types of units used in the problems above? If you know the unit needed in the answer of a
problem, can that help you determine how to solve it? Explain.



FOR THE BIRDS

Teacher’s Guide — Possible Solutions

The solutions shown represent only some possible solution methods. Please evaluate students’ solution
methods on the basis of mathematical validity.

1.

O© 0 3 O

10.

11.
12.
13.

14.
15.
16.

Important variables to consider are how quickly a portion empties, if birds will always be feeding (the
lesson assumes they will, given that they are not frightened by a human tending the feeder too often or
frustrated from finding too little food), and how many feeding holes there are and where they’re
located. The latter two variables often are overlooked.

. One half of the birdfeeder empties in 45 minutes when the birds are able to access 4 feeding holes.

After the halfway point, they are only able to access 2 feeding holes, thereby halving their rate. It takes
45+2(45) = 45+90 = 135 minutes = 2 hours, 15 minutes to empty completely. (Often, incorrect
answers occur because many people don’t consider the different rates.)

. See answer 2 above.
. Let F = one feeder, r = the rate at which the feeder empties (the unit is feeders/minute), and t = the

time it takes, in minutes. Then F = rtis satisfied if the rate is always constant. The challenge is that the
rate changes at the halfway point. So F = r;t; + rzt.. The initial situation gives (1/2)F = r;* (45). Thus,
r1=1/90. Since the rate slows based on the number of feeding holes available, r. = (1/2)r; =
(1/2)(1/90) = 1/180. Then the following is satisfied:

1=(1/90)-45+ (1/180) - t;

1=(1/2) +(1/180)t;

(1/2) =(1/180)¢t,

90 =t

The birdfeeder empties after t; + t; minutes, which is 135 minutes, or 2 hours and 15 minutes.

. F=rit; + rat; + 3t t2=30; r2 = 2r3 1 = 3r3. Also, (1/3)F = r2-(30), so r>=1/90. Combine these as

above to get that r; = 1/180 and t; = 60. Finally, r; = 1/60, t; = 20. The total time is 110 minutes, or 1
hour and 50 minutes.

. An accurate physical model will have few differences from the mathematical model.

. See answer 5 above.

. See answer 5 above.

. If 4 people can make 180, then 2 people can make (2/4) as many crafts, or 90. Then the total number of

crafts ready by Monday is 270. Mathematically, Crafts = Rate ‘- People. This can be modified as in ques-
tion 4.

There are 9 people each completing a workday Monday and Tuesday and they make a total of 360
crafts. Rearrange the formula to get the rate. Rate = crafts/workdays completed, so rate = 360/9 = 40
crafts/workday. So by the end of the week, 15 workdays will be completed in all. Thus, crafts = 40
(crafts/workday) - 15 workdays = 600 crafts.

See answer 10 above.

Both depend heavily on rates.

Rate = (1/4)(total job/person). Thus, (3/4)(total job) = (1/4)(total job/person) -3 people. 3 people
are needed.

This uses different rates, but all rely heavily on rate issues.

Answers will vary. Distance /rate/time problems, d = rt, are very common.

The unit needed can help with the rearrangement of the necessary formula and can help sort out the
“direction” of the problem.



FOR THE BIRDS
Teacher’s Guide — Extending the Model

If you plot your data in question 2 to how full the bird feeder is as a function of time, you have three points:
attime 0, it is full (y = 1); at 45 minutes, it is half full (y = 1/2 = 0.5); and your students probably discov-
ered that it would be empty at 135 minutes (y = 0). So they have three points: (0, 1); (45, 0.5); and (135,0).

What do you think happens between these points? You expect the birds to eat pretty steadily! So you con-
nect (0, 1) and (45, 0.5) by a straight-line segment, and then (45, 0.5) and (135, 0) also by a straight-line
segment. You have a function that is defined piecewise. So what would you expect to be the level of the bird
feeder to have been at 18 minutes? Probably 0.8. What about at 1 hour and at 2 hours?

Suppose you want the upper part of the feeder to empty in the same time as it took the lower part. How can
you get it to do that, with the same number of birds involved in each part? One way is to put the upper
perches closer to the top! Where should you put them? You should put them 1/3 of the way down, or you
could fail to fill the bird feeder completely when you start. Neither the birds nor the scientists would like
that. You can now play with different vertical distances among the rows of perches, and see what variety of
patterns you can get.

You have an interesting new question first: when do you think the bird feeder was originally filled? Pro-
ceeding as before you will again get a function defined-piecewise, but this time it will consist of three
pieces. Why?

Something more should be said about piecewise-defined functions. Such functions are seen much more
often in modeling the outside world than is generally realized. Here are 3 more examples.

(i) Post office functions. The simplest example is the postage for a letter as a function of its weight. Highly
variable from year-to-year. Other rules, dealing with postage for packages, are more complicated.

(ii) There was an ad for the price of turkeys at a supermarket the week before Thanksgiving. It said some-
thing like 89 cents a pound for birds under 8 pounds, 69 cents a pound between 8 and 14 pounds, and
49 cents a pound above 14 pounds. What could you buy for 7 dollars? 8? 9?7 In the real world, you may
not have all these choices. If you wait too long, you have to settle for whatever size is left.

(iii) Look at the rpm of an automobile engine as the car starts and accelerates to cruising speed. When you
shift from 1st to 2nd, you get onto a different curve and it happens again on the shift from 2nd to high.
When shown this function, many students, even those in engineering schools, have trouble understand-
ing what it represents. Jeff Griffiths from Cardiff, Wales was the source of this observation.

Some of these functions are discontinuous, while others have discontinuous first derivatives. They are all
defined piecewise, and they all model real situations.
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