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Mathematical Modeling of Disease Outbreak 
 
While the 20th century saw a marked decline in infectious disease deaths and an impressive 
eradication of some infectious diseases, current populations are still faced with outbreaks of new 
diseases and the resurgence of some previous declining diseases. Disease control in the 20th 
century resulted from improved sanitation and hygiene, the discovery of antibiotics and the 
introduction of worldwide childhood vaccination programs. Science and technology played 
major roles in these improvements. In the 21st century, scientists, researchers, public health 
officials and governments continue efforts to control infectious diseases such as HIV, West Nile 
virus, various strains of influenza, severe respiratory syndrome (SARS) and encephalopathy. 
This unit is about the study of infectious diseases — their causes, prevention, spread, and 
control.  
 

Unit Goals and Objectives 
 
Goal: Develop a deeper understanding of interconnected nature of biology and mathematics 
through modeling and analysis. 
Objectives: 

 Use ratios to calculate mortality rates and case fatality ratios. 
 Compare and contrast mortality rate and case fatality ratio. 
 Determine the average duration and incubation period for a viral infection. 
 Use data to create and interpret a mathematical model. 

  
Goal: Understand underlying causes and transmission of diseases. 
Objectives: 

 Compare causes of diseases: bacterial, viral, fungal, protozoan, and/or prion. 
 List different modes of transmission for diseases. 
 Define and correctly use the terms related to disease, such as incubation period, reservoir 

and mode of transmission. 
 
Goal: Understand the social and governmental responsibilities for disease control. 
Objectives: 

 Articulate why funding should be provided to help countries deal with an outbreak of a 
disease. 

 Compare diseases and discuss important considerations for preventing an outbreak. 
 Assess a potentially dangerous disease situation as if a public health official. 

 
Goal: Understand the similarities and differences between bacterial and viral infectious diseases. 
Objectives: 

 Describe the life cycle of a virus infecting a prokaryotic cell. 
 Compare bacterial structure and reproduction to viral structure and reproduction. 
 Describe prevention and treatment for bacterial and viral infections. 
 Consider how vaccines are good for a population even though they may not be good for 

an individual. 
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Goal: Understand, simulate and discuss the progression of an infectious disease in a closed 
population. 
Objectives: 

 Understand and use the terms state, event and transition. 
 Understand and use the terms susceptible, infected and recovered. 
 Understand and use the terms population, prevalence and incidence. 
 Understand and be able to create a state graph to model a three-state system. 
 List various ways to reduce the probability of an epidemic. 

 
Goal: Understand and be able to use mathematical models to analyze diseases. 

 Use the SIR model to investigate the impact of changing the parameters of the disease of 
interest. 

 Determine the relative danger of an outbreak from case study data using SIR (and/or SIS 
for the extension) model. 

 Calculate prevalence and incidence in a given population. 
 Calculate R0 (basic reproductive number) and use the value of R0 to determine whether or 

not an epidemic will occur. 
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Lesson 1   What is a Disease? 
 
Why did the chicken cross the road?  
To avoid getting the Avian Flu! 
 
The Basics of Disease 
Have you ever thought of moving away from a friend who sneezed or coughed? Other friends 
may have illnesses or conditions of which you are not even aware. Might those conditions be 
contagious? Are there diseases that make a person contagious prior to that individual having any 
signs of being ill?  
 
ACTIVITY 1-1  Disease Analysis 
Objective: Investigate causes and mode of transmission of various diseases. 
Materials:  
 Handout DO-H1: Disease Analysis Activity Worksheet 
 Handout DO-H2: List of Diseases 
 
1. Within your group brainstorm and record the names of illnesses you know. Share your list 
with other groups and add new information to your list. 
 
2. What are the underlying causes of these diseases? How are they transmitted? 

a. Complete as many cells in the first three columns of the table below without using any 
resources. Share your list with other groups.  

 
 b. Use reputable resources to fill in the blanks. Share again with other groups. 
Cause Description Diseases Transmission 
Bacteria 
 
 

 Anthrax, Cholera,   

 Infectious agent that uses 
the body’s own cellular 
reproduction to duplicate 
itself 

  

 Eukaryotic organism that 
reproduces commonly 
using spores. 

Athletes Foot  

Environment 
 
 

   

 By heredity due to genetic 
defects. 
 

 Hereditary  

Prion 
 
 

A malformed protein that 
causes other proteins to 
malform. 

 Fecal-oral, 

Protozoa 
 
 

 Malaria,   
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c. Diseases are transmitted directly or indirectly. What is the difference between directly and 
indirectly in terms of disease transmission? What are the various methods of direct and 
indirect transmission? Use resources to categorize and describe types of transmission. 

 
d. Perhaps in your research you came upon the term “reservoir.” In terms of diseases and 
transmission of diseases, what is a reservoir?  

 
 e. Complete the Transmission column of your chart. 
 
 f. List the resources you used in parts a and c.  
 
 
The Centers for Disease Control 
 
Have you ever heard of the CDC? What do they do? The Centers for Disease Control and 
Prevention (CDC) is dedicated to protecting health and promoting quality of life through the 
prevention and control of disease, injury, and disability (http://www.cdc.gov/about/). The CDC 
works with partners to: 

• monitor health, 
• detect and investigate health problems, 
• conduct research to enhance prevention, 
• develop and advocate sound public health policies, 
• implement prevention strategies, 
• promote healthy behaviors, 
• foster safe and healthful environments, provide leadership and training. 

The CDC awards grants and contracts to individuals and organizations to accomplish its mission. 
 
You will act as a field agent for the CDC investigating requests for financial support to help 
control the outbreak of a particular disease. Your team will decide which request to fund and 
report to the CDC.  
 
ACTIVITY 1-2  Outbreak! 
Objective: Understand and apply appropriate terminology in analyzing diseases. 
Materials:  
 Handout DO-H3: Outbreak Activity Worksheet 
 
1. The following table contains terms used in discussing and modeling diseases. For each term, 
write a sentence that either provides an example of that term or demonstrates your understanding 
of that term. The first term is done for you.  
 

Mathematical Modeling of Disease Outbreaks – Vocabulary List 
Term Definition / Example 
Antibiotic A substance that inhibits the growth of or kills bacteria. 

My doctor prescribed the antibiotic Amoxicillin for my ear infection. 

Antibiotic resistance The ability of bacteria to withstand the effects of antibiotics. Antibiotic 
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resistance evolves via natural selection through random mutation. 

Bacteria Prokaryotic cells that often grow in colonies and typically live in soil, water, 
organic matter, or the bodies of plants and animals. Noted for their ability to 
cause disease. 

Case fatality ratio The proportion of individuals contracting a disease who die of that disease. 

Centers for Disease 
Control and 
Prevention (CDC) 

A U.S. government agency that allocates resources and works to help people 
live safer, healthier, and longer lives through health promotion, health security, 
and health diplomacy. 

Disease A condition of living organisms that impairs normal functions and is displayed 
by distinguishing signs and symptoms. 

Dormant A period in an organism's life cycle when growth and development is 
temporarily suspended. 

Duration The average time that a person is infected with a disease. 

Endemic A disease that is continuously present in a particular population of people. 

Epidemic An outbreak or unusually high occurrence of a disease or illness in a population 
or area. 

Epidemiology A branch of medical science that deals with the incidence, distribution, and 
control of disease in a population. 

Evolution The process of change in the inherited traits of a population of organisms from 
one generation to the next. 

Exposed When a person, regardless of state, has had contact with an infected person. 

Immunity A state of having sufficient biological defenses to avoid infection, disease, or 
other unwanted biological invasion, and is related to the functions of the 
immune system. 

Incidence The number of new cases of disease divided by the population for a given time 
period. 

Incubation period The time elapsed between infection and when symptoms show. 

Infected or infectious Someone who is diseased and may infect others even though symptoms may not 
show is in this state. 

Morbidity Ill health (as opposed to death).  

Mortality rate A measure of the number of deaths (in general, or due to a specific cause) in 
some population, scaled to the size of that population. It can be reported as per-
unit time. 

Outbreak A sudden rise in the incidence of a disease. 

Pandemic Epidemic over a wide geographic area. 

Pathogen Any disease-producing agent, like viruses or bacteria. 

Pathogenic Having the capability to cause disease. 

Prevalence The proportion of the population that is diseased at any given time. 
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Recovered  A person no longer affected by a disease, who cannot infect others and cannot 
be re-infected, is in this state. 

Reservoir Relating to disease, the animate or inanimate source of the infectious agent that 
is a potential source of outbreaks.  

Risk of transmission The chance of passing a disease from an infected individual to an uninfected 
individual or group. 

Susceptible A person who is not diseased but is capable of catching the disease is in this 
state. 

Vaccination An injection of a weakened or killed microorganism in order to stimulate the 
immune system against the microbe, thereby preventing disease. 

Virus An infectious agent that contains either RNA or DNA surrounded by a protein 
coat; capable of growth and multiplication only in living cells; can cause 
diseases. 

Some definitions adapted from[1] 
 
2. The following are transcripts from field agents for the Centers for Disease Control and 
Prevention (CDC). Each is interviewing a doctor in an African village about a recent outbreak of 
disease. Each has sent this transcript to you because your group is an advisory committee to the 
head of the CDC. Your teacher will play the part of the head of the CDC. It is your job to 
convince the head of the CDC to utilize the CDC’s resources in the best possible way. Read each 
transcript and answer questions a-g. 
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Disease 1 
 

Field Agent: When did the sickness start? 
Doctor: It seems to have started about three months ago. 
 
FA: Who was the first to get sick? 
Doctor: Deji, our village’s best hunter, became weak and ill and died two 
weeks ago. 
 
FA: Have you seen anything like this before? 
Doctor: Now that you mention it, Deji’s first wife died two years ago after 
losing weight rapidly. I thought it was odd but then forgot about it. 
 
FA: Did Deji have a history of illness? 
Doctor: I have been the village doctor for many, many years now. The only 
other time Deji was even a little sick was four years ago when he was bitten 
by a monkey during a hunt. The wound was pretty bad but I bandaged it well 
and Deji was only bedridden for a couple of days. He has been fine since. 
 
FA: Has anyone else been affected? 
Doctor: Mostly Deji’s family. Over the past two years he had two newborns 
die shortly after birth but his teenage sons seem fine. I told you about his first 
wife, and now his second wife is starting to show signs of the flu and has 
some lesions on her body. I am most worried because some people at the 
other villages are starting to show symptoms too. I travel to these villages to 
help with surgeries and baby deliveries and have seen some of the problems 
there. In fact, I heard that a village I was at a few years ago has several 
people with symptoms starting to show up. 
 
FA: What are the signs and symptoms? 
Doctor: Weight loss, fever, flu-like symptoms, and some have dark skin 
lesions. 
 
FA: How long are people sick before they die? 
Doctor: They seem to decline over weeks to months. Everyone who shows 
symptoms seems to die. 
 
FA: How many have died? 
Doctor: Only a handful so far but others are starting to show the signs. 
Please help us! 

Disease 2 
 

Field Agent: When did the sickness start? 
Doctor: It started about two weeks ago. 
 
FA: Who was the first to get sick? 
Doctor: Pelumi, a young male, was the first to die this horrible death. 
 
FA: Have you seen anything like this before? 
Doctor: No, but I have not been here long. 
 
FA: Did Pelumi have a history of illness? 
Doctor: Not according to any records or other villagers. The only time he 
really saw the previous doctor was two weeks ago when he was bitten by a 
fruit bat. 
 
FA: Has anyone else been affected? 
Doctor: Anyone who had come into contact with Pelumi became ill within a 
day, including the previous doctor — that is why I am here now. Everyone is 
afraid and is staying away from each other and this village. 
 
FA: What are the signs and symptoms of the sickness? 
Doctor: Vomiting, diarrhea, and bleeding from the mouth, nose, and 
sometimes the eyes! 
 
FA: How long are the people sick before they die? 
Doctor: The pain and sickness last only one to two days before they die — 
the Lord shows them mercy. 
 
FA: How many have died? 
Doctor: Most of the village has died in only two weeks, with most of those 
remaining starting to show symptoms. Please help us! 
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Disease 3 
 
Field Agent: When did the sickness start? 
Doctor: Two weeks ago. 
 
FA: Who was the first to get sick? 
Doctor: Rafiya was the first to show symptoms. She was sent home from 
school sick one day last week. 
 
FA: Have you seen anything like this before? 
Doctor: Yes, we have yearly outbreaks of very similar illnesses. They are 
usually around the beginning of the monsoon season when the children spend 
more time indoors. 
 
FA: Did Rafiya have a history of illness? 
Doctor: No, she has been healthy until this point. 
 
FA: Has anyone else been affected? 
Doctor: Yes, two others were sent home with the same symptoms the 
following day and most of the rest of the class has been ill since then. The 
illness has spread to younger siblings and adults as well.  
 
FA: What are the signs and symptoms of the sickness? 
Doctor: Most patients exhibit fever, headache, extreme fatigue, sore throat, 
runny nose, and muscle aches. Some of the infants have become severely 
dehydrated because of fever, and some of the elders have had chronic 
conditions, such as asthma and congestive heart failure, worsen. 
 
FA: How long are the people sick before they recover? 
Doctor: Usually five to seven days.  
 
FA: How many have died? 
Doctor: None have died. About 20% of the village has been sick with this 
illness. Productivity is down. The school has been closed to prevent the 
disease from spreading to other children. 

 
 
 
 

Disease 4 
 

Field Agent: When did the sickness start? 
Doctor: It started about four weeks ago. 
 
FA: Who was the first to get sick? 
Doctor: Tomi, a young male, was the first to show the symptoms. 
 
FA: Have you seen anything like this before? 
Doctor: Yes, in other villages. 
 
FA: Did Tomi have a history of illness? 
Doctor: Not according to any records or other villagers. He was healthy until 
he returned from visiting an uncle’s family in a nearby village. 
 
FA: Has anyone else been affected? 
Doctor: Anyone who had come into contact with Tomi, but mostly the 
children. His playmates were the first other than Tomi to show signs.  
 
FA: What are the signs and symptoms of the sickness? 
Doctor: The symptoms are coughing, conjunctivitis (inflammation of the eye 
lining), sensitivity to light, fever, a rash that starts on the face and head and 
spreads to the trunk and extremities. There are often spots on the inside of 
the cheeks and symptoms similar to a head cold — runny nose and watery 
eyes. 
 
FA: How long are the people sick before they recover? 
Doctor: The sickness lasts for about two weeks.  
 
FA: How many have died? 
Doctor: About 10% of the infants who contracted the disease in the village 
have died. The rate is much lower for the adults —about 2% of those who 
contracted the disease. 
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Question Disease 1 Disease 2 Disease 3 Disease 4 
a. What does the reservoir 
for the virus seem to be?  

    

b. What is the incubation 
period for this virus? 

 
 

    

c. What does the mode of 
transmission seem to be? 

  
 

   

d. What is the duration of 
the disease? 

 
 

   

e. What is the case fatality 
ratio? 

    

f. What is the likelihood 
of the disease becoming a 
pandemic? 

 
 

   

g. If you were the field 
agent, what other questions 
would you ask the doctor 
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Mortality Rate and Case Fatality Ratio 
 
Two measures used in analyzing disease are mortality rate and case fatality ratio. The 
mortality rate standardizes the rate of death per a given population size (in our case 100,000,000) 
so that one can compare across the country groups regardless of total population. The case 
fatality ratio measures fatalities among those who already contracted the disease. 
 
Questions for Discussion 
 
1. How do you think officials (local, state, world officials) prioritize where the money to help 
control a disease goes? How does each of the following characteristics of a disease influence 
where the money goes: mortality rate, case fatality ratio, morbidity, mode of transmission, 
reservoir, and duration? 
 
2. Which is more important when allocating funds, a high mortality rate with a low incidence of 
yearly recurrence or a low mortality rate with a high incidence of yearly recurrence?  
 
3. If a disease is pandemic, or has the potential to become pandemic, does that make it more of a 
priority than something that isn’t as widespread but is more severe? 
 
Table 1.1 shows incidence of Avian Influenza A (H5N1) in humans. 
 
4. Complete the table below by calculating the mortality rate and case fatality rate for each group 
of countries. 
 
Group of Countries Total 

Population 
Reported 
Cases 

Fatalities Mortality Rate 
(per 100,000,000) 

Case 
Fatality 
Ratio (%) 

A. Cambodia, 
Thailand, and 
Vietnam 

164,326,409 123 66   

B. Indonesia 234,693,997 96 76   
C. Azerbaijan, 
Djibouti, Egypt, Iraq, 
Nigeria, Turkey 

322,641,106 59 26   

D. China, Laos 1,328,373,88
6 

26 17   

Table 1.1: Avian Flu[2] 
 
5. Contrast the mortality rates and case fatality ratios of the groups of countries. 

 
6. Provide two possible explanations for the differences in mortality rates in the country groups.  
 
7. What is the difference between the mortality rate and the case fatality ratio? Explain why this 
distinction is important. 
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Practice 
 
1. Jack was playing with his cousin at the park on August 8th. The next day his cousin broke out 
in chickenpox. A few weeks later, Jack broke out in chickenpox. The table below shows some of 
the children in Jack’s neighborhood who then contracted the chickenpox. 

 
Name First Date of 

Symptoms 
Date Recovered Total Days Ill 

Jack August 22 August 26  
Joe September 5 September 9  
Jill September 6 September 11  
Jon September 19 September 23  
Krista September 20 October 23  
Becky September 21 November 25  
 
 a. Define duration of a disease and incubation period for a disease. 
  

b. What appears to be the average duration of chickenpox? Explain how you reached your 
answer. 

 
c. What appears to be the incubation period for chickenpox? Explain how you reached your 
answer. 

 
d. Extension. Research the chickenpox virus to find the normal duration period and 
incubation period. How is this virus transmitted? Why don’t as many children contract the 
chickenpox in their childhood as compared to twenty years ago? 

 
2. If the prevalence of a disease is 8 per 1,000 in males, how many in a population of 23,250 
males would you expect to have the disease? 
 
3. Vocabulary Preview. In one of the math classes at your school, 12 people have brown hair, 8 
people have blonde hair, and 16 have black hair: 
 

a. Kyle said the prevalence of brown hair in that class is 0.33. What is meant by prevalence 
and how do you determine prevalence of a given condition or state? 

 
 b. What is the prevalence of blonde hair in the class? 
  
 c. What is the prevalence of nonblonde hair in the class? 
 

d. The following week, two people with brown hair dye their hair blonde. Katie indicated the 
incidence of blonde hair was 2 and the incidence rate was .0.07. What is meant by the 
“incidence of blonde hair” and how did Katie do her calculation. 
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Lesson 2    Infectious Diseases 
 
There are many things that can make you sick. Many illnesses are infections, in which disease 
causing agents invade the cells of your body (e.g., certain bacteria, fungi, viruses, protozoans, 
or prions) and make you feel sick. It’s important to remember that many of each of these types of 
biological agents are good for you and often don’t make you feel sick. For example, E. coli is 
present in your intestines and helps you digest your food, but ingesting it can be fatal. Other 
sicknesses may be caused by a person’s environment (e.g., a coal mine worker developing 
respiratory ailments) or a person’s genetics (e.g., hereditary diseases). 
 
Funding to Fight Disease  
 
Review your analysis of the disease outbreak scenarios. Be prepared to present and support your 
request for funding. In supporting your request, consider the following: 
  

How do each of the following characteristics of a disease influence which diseases the CDC 
funds: mortality rate, case fatality rate, morbidity, mode of transmission, reservoir and 
duration? 

 
 What will you use the funding for? 
 

Which is more important when allocating funds, a high mortality rate with a low incidence of 
yearly recurrence or a low mortality rate with a high incidence of yearly recurrence? 

 
Epidemiology and Infectious Diseases 
 
What exactly is epidemiology?  Epidemiology is a branch of science 
that deals with the study of the causes, distribution and control of 
disease. In particular, for this module we are interested in infectious 
diseases.  
 
What is an infectious disease?  An infectious disease is any disease 
caused by microbes such as viruses or bacteria. Influenza (flu) is an 
example. Below is a table listing various bacterial and viral conditions 
and the microbes associated with them. Most viral conditions are caused 
by a virus named from the condition (e.g., measles virus, mumps virus). 
 

Bacterial Conditions Viral Conditions 

Strep throat (Streptococcus pyogenes) Measles 

Syphilis (Treponema pallidum) Mumps 

Tuberculosis (Mycobacterium tuberculosis) Herpes 

Anthrax (Bacillus anthracis) Polio 

Lyme disease (Borrelia burgdorferi) Common cold (adenovirus) 

Salmonellosis (Salmonella) Influenza 
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 Are viruses and bacteria the same thing?  No. Bacteria and viruses are two very different 
organisms. A bacterium is a single-celled living organism. It has the things living things have 
(cell wall, cell membrane, genetic material) and does the things that living things do (eats, 
drinks, makes organic compounds and reproduces) all on its own. A virus, on the other hand, is 
not constructed like other living things and can not reproduce on its own. A virus is made of 
genetic material (DNA or RNA) surrounded by a protein coat (rather than a cell membrane or 
cell wall) and requires a host to live in and reproduce. 
 

  
    Darryl Leja, National Human Genome Research Institute, NIH 

  Figure 2.1: Bacterial Image 
 

 Figure 2.2: Types of Viruses 
 

Does that really matter?  It matters to some degree. Since epidemiology is the study of diseases 
and ways to control those diseases, it is important to understand what these microbes are made of 
and how they behave. Since bacteria are living entities that actually need food and undergo 
metabolic processes, this knowledge can be used to destroy them. Antibiotics are designed to 
attack bacteria either structurally or by attacking particular metabolic processes that take place in 
bacterial cells that do not take place in our human cells. For example, some antibiotics block the 
production of a specific protein in bacteria so the bacteria cannot grow. Others attack the 
bacterial cell wall, which destroys the bacteria (human cells do not have a cell wall).  
 
Do antibiotics cure all diseases caused by bacteria?  Not quite. Like all other creatures, bacteria 
evolve. In doing so, they have developed resistance to various antibiotics. And since, so far, there 
are only a limited number of ways to attack the bacteria without harming their hosts (i.e., 
humans) there is a shortage of new antibiotics. Scientists are starting to become seriously 
concerned about antibiotic-resistant strains of bacterial diseases. 
 
Are viruses as big a problem?  In some ways, viruses are more of a problem than bacterial 
infections. Since viruses don't do much but replicate, it is hard to find ways to attack them 
without damaging the host. For example, antibiotics are useless against viruses. The major 
weapon any living thing has is an immune system, which does a phenomenal job of protecting 
it. To help combat viruses we must build up our immune system. 



Disease Outbreak  Student 14 

How does the human adaptive immune system work?  When first infected with a particular 
pathogen, an immune system goes on alert and builds a specific army (of antibodies, see 
illustration at right) to combat that pathogenic invader. Unfortunately, building that specific army 
takes some time, and so at the first infection the pathogen may do serious damage before it is 
defeated. However, if the same infection recurs with that specific pathogen and the immunity is 
still present, the specific army is ready to go and quickly wins the battle. This is why it is very 
unlikely a person will get the measles or mumps more than once in a lifetime. It would be nice, 
though, to avoid the potentially serious damage or death that the initial infection may cause. To 
try and overcome this, scientists develop vaccines.  
 
How does a vaccine work?  Vaccines are basically weakened forms of actual viruses that are 
injected into the body. The viruses are weakened so that they do not cause sickness but still give 
the immune system a chance to recognize the virus and build an army against it. Then, if that 
virus gets encountered later “in the wild,” the immune system will be ready. Unfortunately, 
sometimes things don't go as planned and the vaccine actually gives the person the disease it was 
trying to prevent, but that is quite rare. This happened with the live polio vaccine in 1955, but 
doctors now use a dead version of the polio vaccine. 
 
So are virus problems solved?  Not quite. It turns out that viruses can evolve quite rapidly too. 
These mutations counteract vaccinations and even the immune system. This is why there is a 
new flu shot every year and why someone can repeatedly “catch” a cold. It is really a newly 
evolved form of the virus. The other problem is that a virus can remain dormant or incubating. 
HIV is an excellent example of this: one can harbor the virus for years before it becomes active. 
Because of this, some people do not even know that they are infected and may spread the virus 
before symptoms appear.  
 
Questions for Discussion 
 
1. Compare and contrast the structure of a virus with that of a bacterium.  
 
2. Describe the difference between viral reproduction and bacterial reproduction.  
  
3. Explain why knowing both the structure of a virus and how it reproduces itself is important to 
an epidemiologist 
 
4. How do antibiotics work?  
 
5. If your doctor prescribed you an antibiotic for a condition commonly caused by a virus, would 
you continue to go to that doctor? Why or why not?  
 
6. Briefly explain how the human adaptive immune system works.  
 
7. Describe the rationale behind vaccination and why it is important.  
 
8. Explain why the type of vaccines we have in use now may not work in the future.  
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ACTIVITY 2-1  Viral Replication Puzzle 
Objective: Understand the replication process of viruses. 
Materials: 
 Handout DO-H4: Viral Replication Puzzle Worksheet 
 
1. Review information in the lesson’s reading about viruses. 
 
2. What is the difference between the lytic and the lysogenic cycles/pathways of virus 
replication? 
 
3. Use the viral replication diagram below and the text cards.  
  
 a. Label the two pathways: one is the lytic pathway and the other the lysogenic pathway. 
 

b. Match each text description to the appropriate action arrow in the viral replication 
diagram. 

 
c. Number the steps in sequential order for each of the two possible pathways (lytic and 
lysogenic). 

 
 
When a lysogenic pathway is 
taken, viral DNA usually is 
integrated into bacterial 
chromosome. 
 

 
Viral DNA directs host cell 
machinery to produce viral 
proteins and copies of viral 
DNA. 

 
Viral DNA is excised from 
the bacterial chromosome. 

 
Host cell undergoes 
lysis, releasing the 
infectious paticles. 

 
Prior to binary fission, bacterial 
chromosome (as well as the 
integrated viral DNA) is 
replicated. 
 

 
Tail fibers and other 
components are added to 
coats. New particles are 
completed. 

 
Following binary fission, 
each daughter cell has viral 
DNA incorporated. 

 
Viral proteins are 
assembled into coats. 
DNA is packaged 
inside. 
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Case Study: The Avian Influenza Virus (Bird Flu) 
Viruses tend to infect a particular type of host and, conversely, different organisms tend to have 
their own set of viruses. For example, there are viruses that only infect pigs, others that only 
infect horses and others that only infect primates. The Avian Influenza Virus is a virus that 
infects and kills birds. The particular virus in this case of bird flu is named H5N1, which is a 
classification given to it based on two different proteins (H and N) on its outer coat. The H1N1 
virus caused the Spanish Flu in 1918, killing over 50 million people. 
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Image courtesy of the University of Delaware 

Figure 2.3: H and N Proteins on Outer Coat of Virus 
 
If the virus can have only one type of H protein and one type of N protein, and there are sixteen 
types of H proteins and nine types of N proteins to choose from, the virus can obviously present 
itself in many forms. This is one of the problems the immune system has in recognizing a virus 
like the flu from year to year. 
 
Why worry about a virus that infects birds?  Once again there is the problem of evolution. As 
the virus mutates it may gain the ability to infect cells in a different host, for example, humans. 
The virus also needs to mutate to find a way to spread from human to human, such as through 
sneezing or close contact. Thus far, human cases of bird flu have been found mostly in people 
with very close contact with infected birds. The virus does not spread easily from human to 
human. In fact, there have only been a few cases of human-to-human infection and only with 
prolonged close contact. 
 

 
A colourized transmission electron micrograph of Avian influenza A H5N1 viruses, seen in gold, grown in cells, seen in green.  

(Cynthia Goldsmith, Jackie Katz, Sharif Zaki/CDC/Canadian Press) 
Figure 2.4: Colorized Transmission Electron Micrograph of Avian Influenza.  

H5N1 viruses, seen in gold, grown in MDCK cells, seen in green.  
 
How does a virus mutate and infect?  Recall that DNA codes for proteins. Changes in the DNA 
sequence will change the proteins on the surface of the virus. If the correct changes occur, the 
virus can match up to proteins on cells and trick those cells into letting the viral RNA or DNA 
inside. Then the virus uses those cells to grow more copies of itself — quite clever, really.  
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Extension 
 
You can watch an animation of the HIV virus infecting a cell at by searching for this topic on 
line (e.g. http://www.youtube.com/watch?v=odRyv7V8LAE). Notice that the HIV virus will 
only enter a cell if it finds and binds to a particular protein (CD-4). This is why HIV infects the 
T-cells of your immune system and not other cells in your body; T-cells have the CD-4 protein 
on their surface. The same concept holds true for H5N1: it needs to match up to a receptor on the 
cell. If an organism does not have that receptor on an appropriate cell, the virus cannot infect that 
organism — unless, of course, the virus mutates to match a receptor in the new host. This is 
exactly the problem. 
 
So why not just vaccinate everyone against all viral diseases?  While this may seem a good 
idea, we cannot do this for the following reasons: 

1. For some diseases there is no vaccine. Vaccines are difficult to make. Researchers and 
scientists must create a very specific serum with enough of the virus to cause an immune 
response, but not too much, which will make you sick. And if the vaccine doesn't exactly 
match, it may cause the wrong immune response and offer little or no protection. 
Additionally, vaccines carry some health risks that we must weigh against the vaccine’s 
benefits.  
 
2. Even if scientists can create a vaccine, it may be too expensive to produce or limited in 
quantity to vaccinate everyone! This occurred in 2004 with the flu vaccine.  
 
3. In cases of bioterrorism or accidental release of dangerous bacteria or viruses, there is 
no way to know ahead of time what disease to be looking for. 

 
Questions for Discussion 
 
The following questions are exactly the types of questions that biologists need mathematicians to 
help answer.  
 
9. How do we predict how the disease will spread? 
 
10. What do we do to stop the spread of disease once it does infect humans? 
 
11. How much vaccine is enough to stop an epidemic? 
 
Practice 
 
1. The branch of science that deals with the causes, distribution, and control of disease is 
____________________.  
 
2. Which types of microbes cause infections?  
 
3. Give three examples of diseases caused by bacterial conditions.  
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4. Give three examples of diseases caused by viral conditions.  
 
5. The avian influenza virus has a special name, _________________, which is based on two 
different proteins, H and N, which are found on its outer coat.  
 

6. If any single virus can have only one type of H protein and one type of N protein on its outer 
coat, and there are sixteen types of H proteins and nine types of N proteins, how many forms of 
the virus are possible?  
 
7. Is it possible for a virus that infects only birds to mutate and cause infections in humans? If the 
answer is yes, explain how this is possible.  
 

8. What problems are associated with creating vaccinations?  
 
9. Why is the evolution of a virus a significant problem for epidemiologists, health care 
professionals, and their patients?  
 
10. On average, bacteria reproduce every twenty minutes.  
 

a. If you start with a single bacterial cell, plot the number of bacterial cells present for the 
first four reproductive periods. Be sure to label and scale the axes of the graph. 

 
b. Describe the relationship between the number of bacterial cells and time. 
  
c. Predict the number of bacterial cells there will be after three hours. 

 
d. Based on the pattern you have observed in parts a - c, write an equation that could be used 
to predict the number of bacteria there will be after exactly n reproductive periods where a 
period is 20 minutes.  

 
e. Rewrite your equation so that its independent variable is number of minutes, m, instead of 
number of reproductive periods. 

 
11. Based on the reading and what you have learned in class, which of the following graphs are 
possible graphs for the number of bacterial cells versus time? Give a reason to support your 
answer. 
 
 
 
 
 
 a.        b.        c. 
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Lesson 3   Simulation: Building the SIR Model 
 
As discussed in the last lesson, researchers and medical professionals are interested in containing 
infections and diseases to prevent widespread outbreaks across large areas. The Susceptible, 
Infected, Recovered or SIR mathematical model analyzes infectious disease in a fixed 
population. For example, imagine your school has N students and you want to model a certain 
disease, say Chickenpox. At any point in time, S students are susceptible (have never had 
Chickenpox or the varicella vaccine), I students are infected (currently have the Chickenpox) and 
R are recovered and immune (either previously had the Chickenpox or have been vaccinated). 
You can see that N = S(t) + I(t) + R(t) where t indicates time. The next step in your modeling is 
to determine how to model S(t), I(t) and R(t).    
 
ACTIVITY 3-1  Outbreak - New York! 
Objective: Analyze an infectious disease scenario and its implications. 
Materials:  
 Handout DO-H5: Outbreak New York! Activity worksheet 
 Vocabulary List from Lesson 1 
 
1. Read the scenario, highlight the critical pieces of information and briefly discuss the situation 
in your group. 

 
Outbreak New York! 

 
It’s 6 a.m. and Justina has just passed out in an emergency room in NYC. She had traveled to the 
ER on a bus and arrived with severe flu symptoms. Shortly before passing out, Justina told the 
doctor that she had arrived on a direct flight from Seoul, Korea at 8 p.m. the night before. On the 
way to her apartment, she had asked her cab driver to stop at a crowded local diner to grab 
something to eat. Justina thought that she might have food poisoning. After some tests, the ER 
lab technician tells the doctor that Justina has a newly discovered extremely virulent and deadly 
strain of flu spreading through Korea. For each contact an infected person has with a susceptible 
person, there is a 0.84 chance (this is really high!) that the susceptible person will become 
infected. Given the seriousness of this strain of flu, the doctor reported the case to both local 
health officials and to the CDC in Atlanta as required by law. The local health officials are 
concerned but have been under political pressure not to overreact. People criticized them last 
year when they overplayed last winter’s flu epidemic, and it turned out not to be as bad as 
predicted. The CDC, however, is adamant that NYC begins to vaccinate immediately. Because 
this is a new strain of the flu, there is a limited supply of experimental vaccine available. 
 
Questions 2- 12: Health officials are trying to figure out what to do and are trying to answer the 
following types of questions. Brainstorm in your group for possible answers to the questions. 
 
2. How many people were likely exposed to Justina? 
 
3. Of those exposed, how many people do you think Justina might have actually infected? 
 
4. What were Justina’s likely movements and activities prior to arriving at the emergency room?  
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5. How can knowing about these activities help answer the first two questions above? 
 
6. How quickly might this virus spread? 
 
7. Assuming that Justina regains consciousness after being rehydrated, what questions should the 
doctor ask her?  
 
8. Should NYC health officials listen to the CDC’s recommendation? 
 
9. If they decide there is likely to be an epidemic, what advice could the health officials give to 
the citizens of NYC? 
 
10. Because there is a limited supply of the vaccine, we need to know the minimum percentage 
of the population that needs to be vaccinated to prevent an epidemic. If you have to prioritize, 
who should be the first to get the vaccine? 
  
11. If you were the mayor of NYC, what would you recommend? 
 
12. Many countries have mandatory immunization (vaccination) laws. These laws are in place to 
protect the community from infectious diseases because unvaccinated individuals pose a risk to 
the community. If an experimental vaccine became available, would you choose to be 
vaccinated? Why or why not? 
 
Question for Discussion 
 
1. In looking at Justina’s activities and her various locations prior to going to the ER, it is quite 
possible she infected a large number of people. What would happen if someone in your class 
became ill in the middle of a regular school week? 
 
ACTIVITY 3-2  Outbreak - Your Class! 
Objective: To simulate the progression of a disease and to show transition among the states of 
the SIR Model. 
Materials:  
 Handout HO-DO6: Outbreak Your Class! Activity worksheet 
  For each group: 4 paper cups or containers (at least one opaque) 
  25 clear beads, 25 blue beads, 25 red beads 
  graph paper 

 
This activity simulates the progression of a disease in a closed population using the SI and SIR 
models. A clear bead represents a susceptible individual, a blue bead represents an infected 
individual, and a red bead represents a recovered individual. Each draw of beads from the cup 
represents the interaction of two people in your class and a possible transmission of disease or 
recovery from the disease. 
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To prepare for the activity, use one cup for each color beads. Use the 4th cup (opaque) as the 
“class” cup and place 24 of the clear beads and one of the blue beads in this cup. This represents 
the first time period when one person in your class is infected and 24 students are susceptible.  
 
Designate one person in your group to be the bead selector, one to be the bead manager and one 
to be the recorder. 
 
Part I: The SI model.  
 
1. Conduct the following simulation. 
 a. Have the bead selector randomly select 2 beads from the class cup (no peeking!). 
 

b. The bead manager then analyzes the interaction of the selected beads. If the bead selector 
picks 2 clear beads or 2 blue beads, they should both be put back. If 1 clear bead and 1 blue 
bead are selected, put the blue bead back and replace the clear bead with another blue bead. 

 
c. The recorder counts and records the numbers of susceptible individuals (clear beads) and 
infected individuals (blue beads) in the class on the tracking sheet after each trial. 

 
 d. Shake the class cup and repeat the trial.  
 

e. Repeat for a total of 20 trials, recording the numbers on the PART I tracking sheet for each 
trial. 

 
PART I - Disease Spread Tracking Sheet — SI Model 

Time Period # Susceptible # Infected 
1 24 1 
2   
3   
4   
5   
6   
7   
8   
9   
10   
11   
12   
13   
14   
15   
16   
17   
18   
19   
20   
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2. Graph the number of susceptible and infected individuals on a single time graph, where time 
period is the independent variable (x-axis) and each count (S and I) is a dependent variable (y-
axis). You will end up with two graph lines on the same axis, one for each dependent variable.  
 
Part II:  The SIR model.  
 
3. Conduct the following simulation. 
 a. Have the bead selector randomly select 2 beads from the class cup (no peeking!). 
 

b. The bead manager then analyzes the interaction of the selected beads. If the bead selector 
picks 2 clear beads, they should both be put back. If 1 clear bead and 1 blue bead are 
selected, put the blue bead back and replace the clear bead with another blue bead. If 2 blue 
beads are selected, put 1 blue bead back and replace the other with a red bead. If any red 
beads are selected, put both beads back. 

 
c. The recorder counts and records the numbers of susceptible individuals (clear beads) and 
infected individuals (blue beads) and recovered individuals (red beads) in the class on the 
tracking sheet after each trial. 

 
 d. Shake the class cup and repeat the trial.  
 

e. Repeat for a total of 20 trials, recording the numbers on the PART II tracking sheet for 
each trial. 

PART II - Disease Spread Tracking Sheet — SIR Model 
Time 

Period 
#  Susceptible #  Infected #  Recovered Prevalence  

# Infections/Total  
Incidence # New 

Cases/Total 
1 24 1 0 1/25 0/25 

2      
3      
4      
5      
6      
7      
8      
9      

10      
11      
12      
13      
14      
15      
16      
17      
18      
19      
20      
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4. After the 20 trials determine the prevalence and incidence for each time period. Fill in your 
table. 
 
5. Graph the number of susceptible, infected, and recovered individuals on a single time graph, 
where time period is the independent variable (x-axis) and each count (S, I, and R) is a 
dependent variable (y-axis). You will end up with 3 graph lines on the same axis, one for each 
dependent variable. Use three different colors or patterns to distinguish the graphs. 
 
6. Graph the prevalence and the incidence where the time period is the independent variable and 
the frequency is the dependent variable.  
 
7. Examine your SI graphs, SIR graphs and prevalence/incidence graphs. Record any 
observations about each graph over time and any relationships you notice about how the 
dependent variables behave and how they are related. How are prevalence and incidence related 
to the class data for the Infected (I) line on the graph. 
 
Questions for Discussion 
 
2. In what ways does the bead simulation correctly model the spread of and recovery from a 
disease? 
 
3. In what ways is the bead simulation clearly “wrong?” 
 
4. How could this bead simulation be improved to better represent reality? 
 
More About the SIR Model 
 
As will be developed in Lesson 4, the SIR model is based on susceptible people becoming 
infected and then later recovering. Transition from susceptible to infected depends on how many 
infected individuals a susceptible individual encounters (this will later be known as κ) and on 
how contagious the particular disease is (this will later be known as ). The likelihood that any 
particular encounter will be with an infected individual increases with the number of infected 
individuals in the population. Recovery removes infected individuals, and the rate of recovery 
depends only on the expected duration of the disease (this will later be known as D), independent 
of other interactions between individuals. Below is an example of an SIR graph showing the 
natural history of a disease over time. 
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Number of 
individuals 

 

                   Time period (days) 

Graph 3.1: Example SIR Graph 
 
Regarding the relationships among the states: as , κ, or D increases, the number infected grows 
higher faster and the slope of the susceptible line may be steeper. The number of susceptible 
people may slowly decreases in the first few time periods, but then may rapidly decrease and the 
susceptible graph becomes steeper. As the time units continue, the slope of susceptible continues 
to decrease, but the slope of the line begins to level out, even if there are still quite a few 
infected. This occurs because each infected person is more likely to come into contact with 
another infected or recovered person than a susceptible one, since there are so few susceptibles 
left. Of course, as time progresses, the number of recovered people increases. It is almost a 
mirror of the number of susceptible people. At certain values of , κ, or D, it is possible that the 
susceptible and recovered appear to remain constant. This indicates that the disease never 
reaches epidemic proportions and dies out within that population. 
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Lesson 4  The SIR Mathematical Model 
 
In Lesson 3 we did an activity that simulated the spread of a disease. Epidemiologists and public 
health officials want to be able to predict the spread and impact of various diseases. Researchers 
and scientists conduct simulations on computers and then construct mathematical models to 
predict how an infectious disease will emerge and spread.    
 
Questions for Discussion 
 
1. What is a mathematical model? 
 
2. Why can mathematical models be useful? 
 
3. Look at the graphs that were created using the classroom simulation. What do these graphs tell 
you? 
 
4. How can scientists use these graphs to predict what would happen in a future situation similar 
to the simulation in class? 
 
5. Scientists often work with mathematicians to predict natural phenomena in order to avoid 
doing immoral or difficult experiments. Describe one such scenario. 
 
Deriving SIR Model Equations  
 
The SIR modeling process uses the terms below. Review the terms and their definitions. 
 
Term Definition 
Event The catalyst that causes a member of the population to enter into a transition. 
Incidence The number of new cases of disease divided by the population for a given time 

period. 
Infected Someone who is diseased and may infect others even though symptoms may 

not show is in this state. 
Prevalence The proportion of the population that is diseased at any given time.  
Recovered A person no longer affected by a disease, who cannot infect others and cannot 

be reinfected, is in this state. 
State A possible condition that a member of the population is in; a member of the 

population is either in the susceptible, infected, or recovered state; members 
may only be in one state at a time, but may transition to other states. 

Susceptible A person who is not diseased but is capable of catching the disease is in this 
state. 

Transition A change of state caused by an event. 
Table 4.1: SIR Terms 

 
Epidemiologists can use the equations developed in this lesson to predict how many people will 
be susceptible, infectious, or recovered at any given time interval. Formulation of the model is 
adapted from the chapter, “Mathematical Models for Epidemics,” in the text, Modern Disease 
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Epidemiology by Johan Giesecke.[3] Most models are simplifications or reductions of the system 
or situation they are representing and as such include assumptions.   
 
We include the following assumptions when using this model: 
 

1. The population is fixed: no births, deaths, immigration, or emigration are taken into 
account. 

2. The incubation period is zero. 
3. The duration of infectivity is the same as the duration of clinical disease. 
4. A single infected person introduces the disease to the population. 
5. There is a fixed interval between the times that we count individuals in each state so that 

we have a discrete SIR model.  
 
Assume that at any given time in the population, each individual is one of the following:  
 

1. Susceptible: they don’t yet have disease = S 
2. Infected: they are infected and capable of passing infection to others = I 
3. Recovered: they are recovered and resistant to further infection = R 

 
Figures 4.1 and 4.2 are examples of state graphs. Each box represents one of the states above. In 
Figure 4.1, the two arrows between the susceptible state and the infected state indicate that once 
infected there could be a transition back to the susceptible state. The arrow from S to S and the 
arrow from I to I indicate that a person may remain in a particular state between time periods. 

 
 
 
 
 
 

 
Figure 4.1: S-I State Graph   

 
 
In Figure 4.2, note that it is possible to recover, then remain recovered.  
 
 
 
 

 
 

Figure 4.2: S-I-R State Graph  
 

Notation for the SIR equation: 
 

St is the number of susceptible individuals in the population at time t. 
 

S I

S I R
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St+1 is the number of susceptible individuals in the population at time t + 1. 
 

It is the number of infected individuals in the population at time t. 
 

It+1 is the number of infected individuals in the population at time t + 1. 
 

Rt is the number of recovered individuals in the population at time t. 
 

Rt+1 is the number of recovered individuals in the population at time t + 1. 
 
N is the total population size. 

 
κ (Greek letter kappa) is the number of contacts that an average person in the population has 
per some unit of time who have the potential to transmit disease (e.g., for mononucleosis, this 
means very close contact with someone, including but not limited to kissing). The contact is 
necessary but not sufficient to transmit disease. For example, it is possible to have very close 
contact but not transmit mononucleosis even though one person is infected. 

 
β (Greek letter beta) is the proportion of such contacts that result in transmission of disease 
(again, because each contact is not necessarily sufficient to transmit disease). For example, if 
β were 1 (100%) then every contact (κ) would transmit the disease. However, β will most 
often be less than 1.  

 
D is the average duration of infectivity for an infected person (e.g., 3 days)  

 
Note: κ and D should be measured in the same units of time.  
 
As an example, look back at the bead simulation: κ = 1 contact per period and  = 1 since there 
was 1 contact in each time period and each contact between an infected and a susceptible person 
resulted in infection.  
 
Understanding the Susceptible-Infected-Recovered Equations 
 
In order to model how many people have a disease at certain time, we need to know how many 
were infected in the time period prior and then add the number of newly infected persons and 
subtract the number of newly recovered persons. Therefore, central to these equations is the 
mathematical representation of the number of people who become infected and the number who 
become recovered during each time period. It is also important to remember that not all people 
who are in contact with an infected person have the potential to get the disease since some of 
them are already infected themselves or are recovered. There are six different types of contacts 
that can occur:  
 

Susceptible/Susceptible Susceptible/Infected* Susceptible/Resistant 
Infected/Infected  Infected/Resistant  Resistant/Resistant 

 
*Note that transmission of the disease can only happen when Susceptible meets Infected.  
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Newly Infected (number of persons who become infected in a given time period): This 
expression is the product of how often a contact yields an infection (), how many 
contacts a person has in the time period (), the number of currently infected people at 
time = t (It), and the portion of the population that is currently susceptible to infection at 
time = t (St/N). In short, multiplying  and It yields the total number of people contacted 
by all of the infected individuals. Multiplying by  compensates for Susceptible/Infected 
contacts that don’t always result in an infection. The final factor (St/N) adjusts for the fact 
that only contact with susceptible persons can result in transmission. The product below 
represents the number of newly infected individuals in the population: 
 
  
 
 
 
 

 
 
 
 
 
 
 

Figure 4.3: Newly Infected  
 
Newly Recovered (Number who become recovered in a given time period): This 
expression is the quotient of the number of currently infected people at a given time 
divided by the duration of the infection. This assumes that, for a disease with average 
duration D, 1/D of infected persons will recover in each time period. For example, if a 
cold with three-day duration is circulating through your school, we assume that each day 
1/3 of the currently sick people will become healthy. It is likely that among that 1/3, some 
were sick for longer than three days and others were sick for less time. Generally, the 
recovery rate is (1/D). Remember, It equals the number of infected people at time t. To 
calculate the number of individuals who recover during a single time period we find the 
product of the recovery rate and the infected individuals (1/D  It). This is called newly 
recovered and is represented as: 
 

 
 
 
 
 
 

Figure 4.4: Newly Recovered  
 

We now use recursive equations to find the number of susceptible, infected and recovered 
persons at time t+1. Recall that a recursive equation is one in which the next value is expressed 

How often a contact 
yields infection 

Number of 
contacts between 
people 

Number of currently 
infected individuals 

Population size  
 
This parenthetical expression is the 
portion of the population that is 
susceptible. This is important because 
some contact is with some infected 
individuals and some is with recovered 
people. In this model those contacts 
can’t result in a newly infected person. 

Number of currently 
susceptible individuals 

Number of currently 
infected individuals 

Duration of infection 
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in terms of the current one. Alternately, it can be thought of as expressing the current value in 
terms of the previous one. 

 
The “Susceptible” Recursive Equation 
To determine the number of people who will be susceptible to a disease at the start of the 
next time period we take the number who are presently susceptible minus the number 
who become sick during the current time period (newly infected).  
 

 
 
 
 
 
 
 
 
 
 
 

Figure 4.5: Number of Susceptible 
 
The “Infected” Recursive Equation 
To determine the number of people who will be infected with a specific disease at the 
start of the next time period, add the number of people who will become infected in this 
time period (newly infected) to the number currently infected. Then, subtract the number 
of people who will recover during the time period (newly recovered).  
 

 
 
 
 

 
 
 
 
 
 
 

Figure 4.6: Number of Infected 
 
The “Recovered” Recursive Equation 
To determine the number of people who will be recovered from a disease at the start of 
the next time period, add the number of newly recovered people (It/D) to the number of 
currently recovered individuals (Rt). 
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Deriving the “Susceptible”  
 
 
 

Figure 4.7: Number of Recovered 
 

ACTIVITY 4-1  Analysis of Smallpox 
Objective: Use the SIR model to determine state values. 
Materials: 
 Handout DO-H8: Analysis of Smallpox Activity Worksheet 
 
Although smallpox has been eliminated as a human disease since 1979, it has recently returned 
to the spotlight as a potential bioterrorism agent, a disease intentionally released for terrorist 
activities. A virus that can be spread through droplet and contact transmission causes smallpox.  
 
Assumptions:  Initial Conditions:      Equations: 
     N = 1000  S1 = 999     St+1 = St – [β · κ · It · (St / N)] 
     β = 0.08   I1 = 1     It+1 = It + [β · κ · It · (St / N)] - It / D 
     D = 8 days  R1 = 0     Rt+1 = Rt + It / D  
     κ = 10 contacts per day 
 
1. Use your initial conditions for the first day and the equations to determine the S, I and R 
values for the second day. 

 
State Exact expression Approximate value 

(use as new state value)
Rounded value 

(whole number of people in a 
particular state) 

S2 =    
I2 =    
R2 =    
 
2. Now calculate S3, I3, R3. Be sure to use the approximate values from the chart above  
 
3. What is the purpose of using the approximate value? 
 
4. What is the purpose of having the rounded value? 
 
 
 
 
 

Newly recovered  
Number of currently 
recovered individuals 

Number of individuals who will 
be recovered at the start of the 
next time period 

1
t

t t

I
R R

D
    
 
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Practice 
 
1. Infectious mononucleosis, also known as mono, occurs most commonly in adolescents and 
young adults. The Epstein-Barr virus (EBV) causes mono, and it is spread by intimate contact 
with the saliva (found in the mouth) of an infected person. 
 
Assumptions:   Initial Conditions:     Equations: 
      N = 1000  S1 = 990    St+1 = St – [β · κ · It · (St / N)] 
      β = 0.08   I1 = 10    It+1 = It + [β · κ · It · (St / N)] - It / D 
      D = 20 days  R1 = 0   Rt+1 = Rt + It / D  
      κ = 2 contacts per day 
 
Use the S-I-R equations and the state on day 1 to calculate the number of cases on mono for the 
first four days of an outbreak. 
 
 
2. The following is an unfinished state graph, otherwise known as a finite state machine, of a 
commercial airline flight from New York to Chicago. 

a. Finish the state graph by adding transition lines. 
 

 
 

 
b. If we wanted to show the round trip flight for an airplane that flew from New York to 
Chicago and then back to New York, would we have to add more states? 
 

 
3. Create a state graph for your school schedule. States should include all of the classrooms 
where you have classes during the day and the cafeteria or classroom where you have lunch. 
There should be a transition for each change of rooms. How many of your states have more than 
one arrow going into them?  
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Lesson 5   The Reproductive Number 
 
The average number of individuals directly infected by an infected person during his or her 
entire infected period after entering a totally susceptible population is called the basic 
reproductive number. The notation for the basic reproductive number is R0. This “R” is not 
related to our previous use of Rt. R0 can be a useful tool in describing whether or not a disease 
will die out, be maintained, or grow to an epidemic in a population. 
 
ACTIVITY 5-1  Disease Prediction Using R0  
Objective: Develop an equation for and analyze the reproductive number R0. 
Materials: 
   Handout DO-H9: Disease Prediction Using R0 Activity Worksheet. 
 
Each circle in the figure below represents a person. The arrows (and partial lines) coming out of 
a circle indicate how many individuals each person infected. Practical limitations of our 
estimates stem from assumptions that the population is not infinite and the disease begins with 
the introduction of exactly one infected person. 
 

 
Adapted from Giesecke’s Modern Infectious Disease Epidemiology. 

Figure 5.1: Disease State Graph 

 
1. To calculate R0, first find the number of individuals who were infected by each person, then 
take the average. Estimate R0 for the figure. 
 
Since, on average, each individual infected person eventually infects a total of R0 other 
individuals before recovering, you can think of these R0 newly infected persons as 
“replacements” for the person who infected them.  
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2. What are the critical values of R0? In other words, is there a value such that if R0 equals that 
value, the number of infected in the population will remain constant? If R0 is more or less than 
that value, what are the consequences? 
We cannot simulate every disease transmission and so perhaps there is another way to determine 
R0. Consider the constants from our SIR model: 
 

κ (Greek letter kappa) is the number of contacts an average person in the population has 
per some unit of time that have the potential to transmit disease (e.g., for STDs, this 
means sexual contact). The contact is necessary but not sufficient to transmit disease. 
 
β (Greek letter beta) is the proportion of such contacts that result in transmission of 
disease (again, because each contact is not necessarily sufficient to transmit disease). 
 
D is the average duration of infectivity for an infected person, in the same time unit as . 

 
3. Develop an equation to find R0 using these three constants. 
Consider the following scenario: A person in your class attends school on Monday with a virus. 
Everyone else in the class is healthy. Assume there is a 70% chance that anyone interacting with 
an infected person will become infected and that each person only has 1 interaction per day. The 
disease is contagious for 3 days. 
 
4.  Determine β, κ and D for this scenario. Include units of measure for each constant. 
 
5. Calculate R0 from our parameters. 

 
6. Do you expect that this scenario will result in an epidemic? Why or why not?  
 
Questions for Discussion 
 
1. What would cause R0 to increase for a particular disease?  
 
2. What would cause R0 to remain the same for a particular disease?  
 
3. What would cause R0 to decrease for a particular disease?  
 
4. Which of the factors; infectiousness (), number of contacts (κ), or duration (D), do we have 
the most control over?  
 
5. How would we influence control over the three factors? In other words, what measures could 
we take to reduce R0? 
 
6. In the SIS model, persons that recover from the disease become susceptible again.  
 a. How would this impact R0? 

b. Identify several diseases you would analyze using the SIS model and several you would 
analyze using the SIR model. What is the difference? 
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Practice 
 
1. A certain illness has a transmission rate (β) of .5, and an infectious duration of 2 days. 
Calculate R0 for:  
 a. A rural area where the average number of contacts per day is 4. 
  

b. A suburban area where the average number of contacts per day is 12. 
  

c. An urban area where the average number of contacts per day is 16. 
 
2. Suppose that the basic reproductive rate of a disease is 1.5 in an area where there are, on 
average, 8 contacts per day, and the disease has an infectious duration of 3 days, what is the 
transmission rate? 
 
3. A visitor into a town in remote Canada introduces a viral flu. The probability of transmission 
per contact is 0.1, and the average duration of the infective period is 6 days. What is the 
minimum number of contacts per day between inhabitants of the town for this flu to create an 
epidemic? 
 
Extension  
 
ACTIVITY 5-2 (Extension) The SIS Model 
Objective: Apply analysis of SIR model to develop SIS model. 
Materials:  
 Handout DO-H10: The SIS Model Activity Worksheet 
 SIR equations and expressions developed in Lesson 4 
 
1. Create a state graph for SIS. 
 
2. In order to derive the equations that model SIS, we can look at the SIR equations. However, 
we no longer need one of the equations. Which equation can we eliminate? Why? 
 
3. Will the S equation still be needed? Why or why not? If so, will it need to be modified? If not, 
explain why not.  
 
4. Based on question 3 above, revise the susceptible equation. 
 
5. Do we need to change the infected equation? Why or why not? 
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Lesson 6    Computer Implementation: R0 and SIR 
 
Health Officials Guidance and Response 
 
What recommendations should health officials make to help reduce the number of contacts in 
order to help prevent epidemics? Can you add any entries to the possible interventions? 
 
Modes of Transmission Interventions to Reduce Transmission 
Contact Disinfection  
Droplet Mask, hand washing, refraining from touching 

eyes/nose/mouth 
Aerosol Mask 
Fecal-oral Good sewage treatment, hand washing, food 

washing, food handling practices 
Sexual Condom, abstinence 
Blood-borne Eliminate or reduce transfusions, protective 

gloves when handling potentially contaminated 
blood 

Food-borne and waterborne Cook food to proper temperature, purification 
of water 

Table 6.1: Interventions 
 
Modeling and Computer Simulations 
 
One purpose of building mathematical models is to explore “what if” experiments that might not 
be possible to carry out in real life. For example, using a mathematical model of disease 
transmission, we can see what happens if the value of  were to change. An increased  might 
correspond to a mutation in a known germ or introduction of the disease into a population having 
lower natural resistance. Lower  values might also be meaningful in similar ways. In any case, 
it is unlikely that real experiments could be carried out in which public health professionals 
actually control  and watch what happens in the progression of a real disease within a real 
population. That’s where a mathematical model and computer simulation are helpful. 
 
 
ACTIVITY 6-1  Simulating the SIS Model 
Objective: Simulate the progression of a disease and analyze simulation results. 
Materials: 
 Handout DO-H11:  Simulating the SIS Model Activity Worksheet 
 Computer with Excel Spreadsheet SIR_SIS.xls (one per group) 
 
1. Open the SIR worksheet of the Excel file SIR_SIS.xls and set the following initial values: 
 β = 0.18  κ = 5  D = 2   
 Initial Susceptible = 1000  Initial Infected = 1 
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2. Output for each worksheet consists of a graph of each of the population components, together 
with the computed value for R0. Describe the behavior of the disease as evidenced by your 
output. What is the total number infected, peak number infected, and time at peak of infectious 
state? 
 
3. Change the likelihood that someone will become infected if they contact an infected person 
() based on the infectivity level needed to prevent an epidemic. 
 a. What new value did you use for ? 
 
 b. Describe what happened to the infected curve. 
 
 c. Now decrease the infectivity parameter slightly more. 
  
 d. Compare the behavior of the disease under these new conditions to that in your first model. 

Explain any differences you see. 
  
4. Change  so that R0 is equal to 1.5. Describe how this affects the epidemic? 
 
5. Set  back to 0.18. Now change the duration of infectiousness (D) so that R0 is again equal to 
1.5. What effect does this have on the epidemic curves: total number infected, time at peak of 
infectious state, time of peak infectious state and time before disease dies out? 
 
6. Set D back to 2. This time, change the average number of contacts (κ) again so that R0 is equal 
to 1.5. What effect does this have on the epidemic curves? 
 
7. Do any of the changes result in similar changes in the epidemic? Can you explain those using 
the equations? 
 
8. Reset , κ, and D to their original values.  
 a. Change the number of individuals susceptible at the beginning to 1,200. What effect does 

this have on the epidemic curves?  
 
 b. Change the number susceptible to 800. What effect does this have? 
 
9. Keep , κ, and D at their original values and return the number of susceptible people back to 

1000.  
 a. Change the initial number of infected individuals to 10. What effect does this have on the 

epidemic curves?  
 
 b. Change the number infected to 20 at the beginning. What is the effect? 
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Questions for Discussion 
 
1. Look back to Outbreak-New York! in lesson 3. Review the questions in light of the model you 
just developed and explored. 
 a. How many people were likely exposed to Justina? 
 
 b. Of those exposed, how many people do you think Justina might have actually infected? 
 
 c. What were Justina’s likely movements and activities prior to arriving at the emergency 

room?  
 
 d. How can knowing about these activities help answer the first two questions above? 
 
 e. How quickly might this virus spread? 
 
 f. Assuming that Justina regains consciousness after being rehydrated, what questions should 

the doctor ask her?  
 
 g. Should NYC health officials listen to the CDC’s recommendation? 
 
 h. If they decide there is likely to be an epidemic, what advice could the health officials give 

to the citizens of NYC? 
 
 i. Because there is a limited supply of the vaccine, we need to know the minimum percentage 

of the population that needs to be vaccinated to prevent an epidemic. If you have to prioritize, 
who should be the first to get the vaccine? 

 
 j. If you were the mayor of NYC, what would you recommend? 
 
 k. Many countries have mandatory immunization (vaccination) laws. These laws are in place 

to protect the community from infectious diseases because unvaccinated individuals pose a 
risk to the community. If an experimental vaccine became available, would you choose to be 
vaccinated? Why or why not? 

 
2. In looking at Justina’s activities and her various locations prior to going to the ER, it is quite 
possible she infected a large number of people. What would happen if someone in your class 
became ill in the middle of a regular school week? 
 
Extension 
 
Explore the SIS model using the Activity 6-1 worksheet and the SIS worksheet of the Excel file 
SIR_SIS.xls. 
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Glossary 
 
Antibiotic – a substance that inhibits the growth of or kills bacteria. 
 
Bacteria – prokaryotic cells that often grow in colonies and typically live in soil, water, organic 
matter, or the bodies of plants and animals. Noted for their ability to cause disease. 
 
Basic reproductive number – the average number of individuals directly infected by an 
infected person during his or her entire infected period after entering a totally susceptible 
population. 
 
Case fatality ratio – the proportion of individuals contracting a disease who die of that disease. 
 
Disease – a condition of living organisms that impairs normal functions and is displayed by 
distinguishing signs and symptoms. 
 
Duration – the average time that a person is infected with a disease. 
 
Epidemic – an outbreak or unusually high occurrence of a disease or illness in a population or 
area. 
 
Epidemiology – a branch of medical science that deals with the incidence, distribution, and 
control of disease in a population. 
 
Event – the catalyst that causes a member of the population to enter into a transition. 
 
Immune system – a collection of organs, cells and cells that protect a body from pathogens and 
other foreign substances. 
 
Incidence – the number of new cases of disease divided by the population for a given time 
period. 
 
Incubation period – the time elapsed between infection and when symptoms show. 
 
Infected – someone who is diseased and may infect others even though symptoms may not show 
is in this state. 
 
Infectious disease – any disease caused by microbes such as viruses or bacteria. 
 
Lysogenic – a method of replication where viral DNA integrates into cell DNA. 
 
Lytic – a method of replication where viral DNA attacks and destroys cell DNA. 
 
Mode of transmission – method or avenue by which a disease is transmitted. 
 
Morbidity – ill health (as opposed to death).  
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Mortality rate – a measure of the number of deaths (in general, or due to a specific cause) in 
some population, scaled to the size of that population. It can be reported as per-unit time. 
 
Outbreak – a sudden rise in the incidence of a disease. 
 
Pandemic – an epidemic over a wide geographic area. 
 
Population – any entire collection of people from whom we collect data; the group we are 
interested in for study. 
 
Prevalence – the proportion of the population that is diseased at any given time. 
 
Recovered – a person no longer affected by a disease, who cannot infect others and cannot be re-
infected, is in this state. 
 
Reservoir – relating to disease, the animate or inanimate source of the infectious agent that is a 
potential source of outbreaks.  
 
SI model – the model describing the disease cycle of susceptible, infected, susceptible. 
 
SIR model – the model describing the disease cycle of susceptible, infected, recovered. 
 
State – a possible condition that a member of the population is in. 
 
State graph – a diagram mapping the possible changes from one state to another or others. 
 
Susceptible – a person who is not diseased but is capable of catching the disease is in this state. 
 
Symbol D – the variable representing the average duration of infectivity for an infected person. 
 
Symbol R0 – the variable representing the basic reproductive number. 
 
Symbol β – the variable representing the proportion of the number of contacts an average person 
in the population has per some unit of time that result in transmission of disease. 
 
Symbol κ – the variable representing the number of contacts an average person in the population 
has per some unit of time who have the potential to transmit disease. 
 
Transition – movement of one person from one state to another. 
 
Vaccination – an injection of a weakened or killed microorganism in order to stimulate the 
immune system against the microbe, thereby preventing the targeted disease. 
 
Virus – an infectious agent that contains either RNA or DNA surrounded by a protein coat; 
capable of growth and multiplication only in living cells; can cause diseases.  
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